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Question 1(a)
Given that y?> — 4x = 4 — 4y. Find the value of % at the point (2, 2).

!

2yy' —4 = -4y

2y +4)y =4
.4
y 2y +4
et ]
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Question 1(b)
Let f(x) = (sinx)s™* for all x € (Og) Given that f has a critical point at

cE (0, g) Find the value of sin c.

In f = (sinx) In(sin x)
l inx
f

f' = (cosx)In(sinx) + cosx = cosx [In(sinx) + 1]

S
sinx
s
f'(c)=0force (O'E)
In(sinc) +1 =0

. 1
~sinc =—

Question 2(a)
The region bounded by the graphs of y = \/% y = \/%, x=0and x=0»b
+x +x

where b denotes a positive constant is rotated about the x-axis to generate a
solid of revolution. Let V(b) denote the volume of this solid of revolution. Find
the value of lim,,_,, V(b).

b

V(b)ZTL'J; (\/ﬁ) —(@) dx
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— -1 _ - -1
=T [tan X ) tan 2]0
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— -1 _ -1_
=T (tan b > tan 2)

lim V(b) =7 g_%(f)] _

Question 2(b)
Find the value of

0
[mcos!® x dx
2

£ :
[mcos8 xdx
2

0 0
Jcosloxdx=j cos® x d(sin x)

E]

nl S
ol

= [cos® x sinx]%x + j 9 cos? x sin? x dx
2 _r
z

0
=9 f 7Tcosg x (1 — cos?x)dx
2

0 0
=9j cossxdx—9jncosloxdx

N

0

0
10f cosloxdx=9f cos® x dx

A
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0
Jomeosxdx g
2

[*wcos®xdx 10
2

Question 3(a)
Find the radius of convergence of the power series

[0}

gn —g)n
3 :i1) G+ 2y

n=0

n+1 _g\n+1 n
87+ T (x4 gyen2 n+1(8(3) +9¢-1
lim N = lim lx + 2|2 = 9x + 2|2
n—co 8" + (—9)n 2 n-oon + 2 8\"
B () +Cr
1 1
9x + 2|?> < 1, :>|x+2|<§, |x—(—2)|<§

2
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Question 3(b)

_ -1 (1+ (2005)
Let f(x) = tan (1 )where 12 <x < . Find the value of f (0). Give your
answer in terms of factorials.

iy o1 ((1 01 -1+ x)(—1)>
- 1+ (1—x)2
1+(7=% i)

T =22+ (1+x)?
1

- 100+ x2

= oy

n=0

o

foxf’(t) dt = 2(—1)” foxtz" dt

n=0

(_1)71 2n+1

f(x)—f(0) = 1"

n=0
) =2+ i

n=0

x2mtl [f(O) =tan"!'1= Z]

20051 ( 1)2005—1

— 2
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Question 4(a)
Let f(x) = cos gfor all x € (0,m). Let

a, + Z a,cos nx

n=1

be the Fourier Cosine Series which represents f(x). Find the value of a, + a;.
Give your answer in terms of m.

1[” X 3x 1 x 2 3x1" 4
T J, 2 2 (s 2 3 21y 3m

2 (" «x
alz—f cosicosxdxz— cos=+ cos—dx =—|2sin=+ =sin—| =—
I8
0
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Question 4(b)
Let f(x) =2x+1forall x € (—n, ) and f(x) = f(x + 2m). Let

a, + (a,cos nx + b,sin nx)

n=1

be the Fourier Series which represents f(x). Find the value of a, + a5 + bs.

The function g(x) = x is an odd function on (—m, ).

gx) = Z C, Sin nx

n=1

1 /s
cnz—f x sinnx dx
n -1

2 s
= ——f x d(cos nx)
nm J,

=—E(cosnn)
2

= (-1 n+1 _
(~Dm

[00]

2
fx)=2x+1=2g(x)+1~=1 +Z(—1)"+1Esinnx

n=1

4 9
-'-a0+a5+b5=1+0+(—1)6§=§

Question 5(a)

The number of bacteria in a certain bacterium culture is 1000 at a certain initial
time. 2 hours after the initial time there are 1200 of them. Assuming constant
birth and death rates per capita, how many bacteria will we have 6 hours after
the initial time?

dN
7 =B-DIN = N= Nye®B-D)t

N, =1000 = N =1000eB-D)t

t=2,N=1200 = 1200 = 1000e%E-D)
4
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pp 1 12
~ 270

Att = 6, we have
12

1
N = 1000¢(z""10)¢ = 1728

Question 5(b)
Solve the differential equation

dy
2—x2)—+2xy=0
(y* —x%) xy

with x > 0 and the initial condition y = 1 when x = /2.

dy dv N 2xy 2x%v 2v
= —1 _— — = = —
y=vx dx dx> "V x?2—y? x?2—v2x2 1-v2
dv  2v _v+vd v(l+v?)
dx T 1-vr VT 1ovrT 102
1—v? 4 1 2v 4 _1d
v(1 + v?) VL T 12 VT

In|v| —In|1 +v?| =Inx +1Inc

L S
1+v2 Y\ x2+y2
X[l-l—(;)]
y=c(x*+y?)

1
x=\/§,y=1 = c=§

Question 6(a)
A water tank has a capacity of 120 L. Initially the tank contains 901 of salt

solution with a concentration of 1gl™1. A tap is then turned on and a salt
solution with a concentration of 2 gl~! enters the tank at a rate of 4 Imin~!. At
the same time when the tap is turned on, a drain is also turned on and the
well-stirred mixture flows out of the tank at a rate of 3 Imin~'. How much salt
in grams (round off to the nearest integer) does the tank contain at the
moment when it is full?
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Suppose the tank contains x grams of salt at t minutes pass the initial time. Note that at this
time, the tank contains 90 + t(4 — 3) = 90 + t litres of salt solution.

dx 3x dx 3

dt 90 +t dt 90+t

efﬁdt — 3In(90+t) — (90 + t)3

d
T [x(90 + t)3] = 8(90 + t)3

x(90+t)3 =200+ t)*+¢

c
=2090+¢t)+———
x ( +)+(90+t)3

' (90 +t)3

the tank is full when 90+t =120 = t=30

_2(120)* —90*
- (120)3

1
=202 =~ 202
32

Question 6(b)
Solve the differential equation

y'—y —-2y=0

with the initial conditions that y =1 and y' = 5 when x = 0.

2—1-2=0
A-2)A+1)=0 = A=-12

y = Ae™™ + Be?*
y' = —Ae ™ + 2Be?*

y(0)=1,y'(0)=5 = A+B=1, —A+2B =5
A=-1, B=2

Ly =—e ¥+ 2e
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Question 7(a)
Solve the differential equation
yn _ syr + 6y — 4e2x

with the initial conditions that y = 0 and y' = 1 when x = 0.

A—-51+6=0 = (A1-3)1-2)=0
A=23
y = (Ax + B)e?*
y' = Ae?* + 2(Ax + B)e?*
y" = 4e* + 4(Ax + B)e**
4e?* + 4(Ax + B)e?* —5[4e?* + 2(Ax + B)e**] + 6(Ax + B)e** = —Ae?*
A=—4

y = Ce** + De3* — 4xe?*
= (2—4)Ce?* + 3De3* — 8xe?*

y(0)=0,y'(0)=1 = C+D=0 2C+3D=5

Question 7(b)
Solve the differential equation

y" +y =tan® x

with the initial conditions that y =1 and y' = 1 when x = 0.

24+1=0 = A=+i

f(x) =tan? x, Y, = COS X, Yy, = sinx
Y1 Yi| _|cosx —sinx| _
W y2) = v, il |sinx cosx |
yzf(x) sin x 1—cos?x 1
= — —f d =f—d(cosx)=———cosx
w1, ¥2) yz) cos? x cos? x cos x
nflx) sin” x .
x——f dx=fsecx—cosxdx=ln|secx+tanx|—smx
w(y1,2) cos x

y =Acosx + Bsinx +uy; + vy, = Acosx + Bsinx — 2 + sin x In|secx + tan x|

7
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y(0)=y'(0)=1 = A=3, B=1

~y =3cosx +sinx — 2 + sinxIn|secx + tan x|

Question 8(a)
Find the Laplace transform L[(sin t — cos t)3].

L[(sint — cos t)3] = L(sin?t — 2sint cost + cos? t)
= L(1 — sin 2t)
_ 1 2

s s?2+4
_s?—25+4

~ s(s2+4)

Question 8(b)
Find the inverse Laplace transform

L‘1< s s+ 3 )
€ s2+4s+4)
s+ 3 1 1

F(s) =

= +
s2+4s+4 s+2 (s+2)?

f@) =L1F@G)]=e?+te ™ =1 +t)e 2

3
L1 <e—s s.z:—s+4) = L e=SF(s)] = f(t — DUt — 1) = U(t — 1)te~2t

Answers provided by : NUS Mathematics Department
8




