
PC4248 RELATIVITY EXAM SOLUTIONS AY11/12 

 

Page | 1  
 

Question 1 (a) 

A boost in 
�√� �0,1,1,0� direction requires us to rotate the plane by 45°, and thus 

transform the Lorentz transformation matrix: 
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So the transformation of the coordinates, 
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Question 1 (b) 

When at a fixed time � = 0, 
�′ = � �� + �2 � + � − �2  

We set �� = 0, �� = �, � = 0. Then 
∆�′ = ��′ − ��′ = � �2 + �2 = �2 �� + 1� 
∴ � = �∗2 �� + 1� 
 

Question 2 (a) 

We know that 

"#$% = &�#$&�' &�(&�#% "'( 
So then we have 

"#$),$*,…,$,%),%*,…,%- = .&�#$)&�' &�#$*&�' …&�#$,&�' /. &�(&�#%) &�(&�#%* … &�(&�#%-/"'),'*,…,',(),(*,…,(- 
 

Question 2 (b) 

We assume 

∇1# 2#3 = &�4&�#1 &�#3&�5 ∇425 
= &�4&�#1 &�#3&�5 �∂425 + Γ485 28� 
= &�4&�#1 &�#3&�5 &25&�4 + &�4&�#1 &�#3&�5 Γ485 28 , �1� 

 

We also know that ∇1# 2#3 = ∂1# 2#3 + Γ19#3 2#9 
= &�4&�#1 &&�4 .&�#3&�5 25/ + Γ19#3 &�#9&�8 28 
= &�4&�#1 &��#3&�4&�5 25 + &�4&�#1 &�#3&�5 &25&�4 + Γ19#3 &�#9&�8 28 , �2� 

 �1� = �2�, &�4&�#1 &�#3&�5 &25&�4 + &�4&�#1 &�#3&�5 Γ485 28 = &�4&�#1 &��#3&�4&�5 25 + &�4&�#1 &�#3&�5 &25&�4 + Γ19#3 &�#9&�8 28 
&�4&�#1 &�#3&�5 Γ485 28 = &�4&�#1 &��#3&�4&�5 25 + Γ19#3 &�#9&�8 28 
Γ19#3 &�#9&�8 28 = &�4&�#1 &�#3&�5 Γ485 28 − &�4&�#1 &��#3&�4&�5 25 
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Γ19#3 28 = &�8&�#9 &�4&�#1 &�#3&�5 Γ485 28 − &�8&�#9 &�4&�#1 &��#3&�4&�5 &�5&�8 28 
= &�8&�#9 &�4&�#1 &�#3&�5 Γ485 28 − &�5&�#9 &�4&�#1 &��#3&�4&�5 28 

 

∴ Γ19#3 = &�8&�#9 &�4&�#1 &�#3&�5 Γ485 − &�5&�#9 &�4&�#1 &��#3&�4&�5 
 

Question 2 (c) (i) 

2#5&5#:#4 −:#5&5#2#4 = &�#5&�% 2% &�%&�#5 &&�% .&�#4&�$ :$/ − &�#5&�% :% &�%&�#5 &&�% .&�#4&�$ 2$/ 
= 2% . &��#4&�%&�$:$ + &�#4&�$ &:$&�% / −:% . &��#4&�%&�$ 2$ + &�#4&�$ &2$&�%/ 
= 2% &��#4&�%&�$:$ −:% &��#4&�%&�$ 2$ + 2% &�#4&�$ &:$&�% −:% &�#4&�$ &2$&�% 
= &�#4&�$ �2% &:$&�% −:% &2$&�%� 
= &�#4&�$ �2%&%:$ −:%&%2$� 

∴ It is a tensor. 

 

Question 2 (c) (ii) 

Γ45#8;#45 = .&�%&�#5 &�$&�#4 &�#8&�< Γ$%< − &�%&�#5 &�$&�#4 &��#8&�$&�%/.&�#4&�$ &�#5&�% ;$%/ 
= &�#8&�< Γ$<% ;$% − &��#8&�$&�% ;$% 

 

Since ;%$ = −;$%, &��#8&�$&�% ;$% = &��#8&�$&�% ;%$ = − &��#8&�$&�% ;$% = 0 
∴ Γ45#8;#45 = &�#8&�< Γ$<% ;$%,			it	is	a	tensor.	
 

  



PC4248 RELATIVITY EXAM SOLUTIONS AY11/12 

 

Page | 4  
 

Question 3 (a) GH� = �9	G�� + �I 	G�� 
� = GJGK = L�− GHGK�� = L−�9 �G�GK�� − �I �G�GK�� &�&� = GGK &�& MG�GKN 
−O�IP� �G�GK�� 12 GKGJ = GGJ	�−2�9 G�GK 12GKGJ� 12O�IP� �G�GJ�� = GGJ	��9 G�GJ� 12O�IP� �G�GJ�� = 	Q�9P� G�GJ G�GJ + �9 G��GJ� G��GJ� = 12 O �IP��9 �G�GJ�� − Q� G�GJ G�GJ , �1� 
By symmetry, G��GJ� = 12Q �9P��I �G�GJ�� − O� G�GJ G�GJ , �2� 
 

∴ The non-vanishing Christoffel symbols, 

ΓRRS = −12O �IP��9  

ΓSSR = −12Q �9P��I  

ΓSRS = ΓRSS = 12Q� 
ΓSRR = ΓRSR = 12 O� 
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Question 3 (b) T'(UV = &UΓ(V' − &VΓ(U' + ΓUW' Γ(VW − ΓVW' Γ(UW  
 TSSSS = 0, TRRRR = 0 TSRRR = 0, TRSSS = 0 
TSSSR = ΓSRS ΓSRR − ΓRRS ΓSSR = 14QO�� − 14 QO�� = 0 
TSSRS = ΓRRS ΓSSR − ΓSRS ΓSRR = 14QO�� − 14 QO�� = 0 
TSRSS = −TSSSR − TSSRS = 0 TSSRR = 0 TSRSR = &SΓRRS − &RΓRSS − ΓRSS ΓRSS − ΓRRS ΓRSR  

= −12O�O − 1� �IP��9 + 12 Q�� − 14 Q��� + 14O� �IP��9  

= O2 �IP��9 M1 − O2N + Q2 1�� M1 − Q2N 
TSRRS = −TSSRR − TSRSR = O2 �IP��9 MO2 − 1N + Q2 1�� MQ2 − 1N 
TRSSR = &SΓSRR − &RΓSSR + ΓSSR ΓSRS + ΓSRR ΓSRR  

= −12 O�� + 12Q�Q − 1� �9P��I − 14Q� �9P��I + 14 O��� 
= Q2�9P��I MQ2 − 1N + 12 O�� MO2 − 1N 

TRRSS = 0 
TRSRS = −TRSSR − TRRSS = Q2 �9P��I M1 − Q2N + 12 O�� M1 − O2N TRSRR = 0 
TRRSR = ΓSSR ΓRRS − ΓRSR ΓRSS = 14QO�� − 14 QO�� = 0 
TRRRS = −TRSRR − TRRSR = 0 
 

∴ the non-zero components of the Riemann Curvature tensor, 

TSRSR = O2 �IP��9 M1 − O2N + 12 Q�� M1 − Q2N 
TRSRS = Q2�9P��I M1 − Q2N + 12 O�� M1 − O2N 
TSRRS = O2 �IP��9 MO2 − 1N + 12 Q�� MQ2 − 1N 
TRSSR = Q2�9P��I MQ2 − 1N + 12 O�� MO2 − 1N 
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Question 3 (c) 

When Q = O = 0, since 
M�9 00 �IN ≈ M1 00 1N 
 

Question 4 (a) 

For photons, Y̰ ∙ Y̰ = 0 
0 = −�1 − 2\] � �G�GJ�� + �1 − 2\] �P� �G]GJ�� + ]� �G^GJ�� + ]� sin� ^ �G_GJ�� 
Using the implications of Killing vectors, 

` = �1 − 2\] � G�GJ , a = ]� sin� ^ G_GJ  
Setting ^ = b�, we get 
0 = −�1 − 2\] �P� `� + �1 − 2\] �P� ]c� + a�]� 
�1 − 2\] �P� ]c� = �1 − 2\] �P� `� − a�]� 
]c� = `� − �1 − 2\] � a�]� = `� d1 − �1 − 2\] � a�`�]�e = f� d1 − g�]� �1 − 2\] �e 
 

Question 4 (b) 

We consider the case when the photon is neither moving towards outwards 

from the black hole, 

0 = 1 − g�]� �1 − 2\] � 
g� = ]�1 − 2\] = ]h] − 2\ 
0 = GG] . ]h] − 2\/ = 3]�] − 2\ − ]h�] − 2\�� = 2]��] − 3\��] − 2\�� , ] = 3\ 
This means that g� = �jklk = 27\�. If g� < 27\� it will plunge into the black hole; g� > 27\� it will be deflected, but remain in circular motion if g� = 27\�. 
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