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1. INTRODUCTION

1 Introduction

Let us consider a thought experiment. Suppose Alice and Bob have the maxi-
mally entangled two-ququart state, [¢)) = 3(|00) +|11) +]22) +[33)), where for
brevity, we have denoted |i) , ® |i) 5 by |ii). Feeling particularly inspired one

afternoon, they decide to prepare two pairs of maximally entangled qubits,
) = 25(100) + [11)) 4,5, and [’} = 2=(100) + [11)) 1,5,

Consider the following sequence of operations:

@ —(100) + [11)) 1,5,

<|OO> + ‘11>)A131 \/§

) @ |¢') =

%I

>A131 |00>A2B2 + |00>A1B1 |11>A2B2
‘11>A131 ‘OO>AQBQ + |11>A131 |11>A232>
(!00>A1A2 100) g, , +101) 4, 4, [01) g, 5, +

) ) ) )

|]‘0 A1A2 |1O B1B2 + |11 A1A2 |11 B1B2)

Now if we regard the qubits A; and As collectively as a system in itself, we

have a ququart system spanned by the orthonormal set

{|OO>A1A2 ? ’01>A1A2 ? ‘10>A1A2 ) |11>A1A2}

Making the identification [00) 4 4. +> [0) 4,101) 4 4, = [1)4,110) 4 4, = [2)4
and [11) 4 4, = [3)4 for Alice, and likewise for Bob, we observe that [¢)) =
lo) @ |¢'), i.e. the maximally entangled state appears to be put into a separa-

ble form, namely a tensor product of |p) and |¢).
What have we done here? It is perhaps best to first provide an illustration.

From Figure 1, which we hope is somewhat self-explanatory, Alice and Bob

had prepared two systems, the maximally entangled qubits A;B; and Ay Bs.

3
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Figure 1: Simulating a pair of entangled ququarts, where 1)) = £(]00) 4 [11) +
22) +[33)).

Taking the tensor product of these two systems, we have a 4-qubit composite
system. At this point, Alice and Bob rename their composite system (this is
represented by the ‘swapping’ mentioned above), such that the order becomes
A1 Ay By By (before renaming, it was A; B A2 Bs). Noting that A; Ay and By B
are 4-dimensional systems, they could be used in place of the ququarts A and
B, thus the ‘identification’. In other words, the system A; A, simulates A, and
the system By B; simulates B.

This opens a wide range of questions. Under what conditions can a com-
posite system AB be simulated with lower-dimensional systems? How do we
detect these conditions? Can we do the same for n-partite systems, as opposed
to just bipartite systems (of which AB is an example)? Can we create ‘finer’
simulations, i.e. for suitably large dimensions of A and B, can we simulate A
with not just A;As, but A1 A,... A, with n > 27

These questions are important, because high-dimensional entanglement are

hard to create experimentally, and simulating them with lower-dimensional
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systems which are comparatively easier to prepare may come in very handy
for the experimentalists. In this paper, we shall explore these questions, though

not always ending on a high note.

Before we further proceed, let us briefly digress and review the mathemat-

ical tools needed.



2. MATHEMATICAL TOOLS

2 Mathematical Tools

For ease of reference and completeness, we shall in this chapter discuss in detail
the mathematics we need. We start with the matrix representation of tensor
products, which while conceptually simple provides much needed notational
convenience. Next, we move on to the Schmidt decomposition, which has
become a ubiquitous tool in quantum information theory. We shall prove it
‘from scratch’. Finally, we discuss the concept of permutation matrices, which

turned out to be the perfect tool to elucidate a combinatorial result.

2.1 Matrix Representation of Tensor Products

Let Vi, V5, W7 and W5 be complex vector spaces of dimensions n,m,n’ and
m’ respectively, with bases By, = {e1,...,e,}, By, = {f1,---, fm}, Bw, =
{él, . ,én/} and BW2 = {fl, ey fm’}

2.1.1 Vectors

Let us have the arbitrary vectors

ay by
) eims | ], o) eS|
iy | b,
dl_ 51
|w1>eWIB$ S \wﬁ&l/l@% :
A by

where the symbol 2 refers to the vector being represented in column form

with respect to the basis B.

Proposition 2.1.1. Choose the ordered bases for V; ® V5 and W; ® W5 as
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follows:

Byigw, = {1 ® f1,...,€1® fm,
62®f1)"'7€2®fma
€n®f1a"'7€n®fm}

and

Bw,eow, = {él®fh--'aé1®f~m’a
é?®f17"'a62®fm’7

én/®flv"'7én'®f~m’}-

Then we have

i _bl 11 [ a1by |
ap | : :
b, a1b,,
@) eViol B2 | | =]
—bl | anby
ayn | ¢ :
| _bm_ | _anbm_
and ] L -
by a1by
aq :
D Gyby
) @ [ws) € Wy @ W, HEE || =
by Qb
Gy
o] @b
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Proof. The proof is straightforward. Expanding |v) ® |vs) in our chosen or-

dered basis, we have

[v1) @ |vg) = (Z aie;) ® (Z b; f;)

&1b1
n m al[;m,
BV1®V2
-3 S atae g
i=1 j=1 by
dn/bm/
and likewise for |w;) ® |ws). O

Remark 2.1.2. Note that the choice of ordered basis is important. Our choice
is standard in the literature, and almost always implicitly assumed. But this

choice is not canonical - suppose we had chosen the equally ‘natural’ bases

B(/1®V2 :{61®f1>"'76n®f17
e1® fo,. .., en ® fo,

6l®fma"'7en®fm}
and

B{/V1®W2 = {él®f17"'aén/®fla
él®f27"'7én’®f27

él ®f~m/,...,én/ ®fm’}
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instead. Then we would have

1] fal
by | by
. an, . Ay
01) @ [vg) —5 : ,wy) ® wg) HS
a ay
b, | by
[ [9n i _ Qs i

Later on, we shall find the need to compare the elements in this represen-
tation. We will introduce a way of rearranging this representation so as to
make the comparison more convenient. It turns out that this rearrangement

allows for a precise and succinct mathematical formulation of our problem.

2.1.2 Linear Maps

Let us have the linear maps 77 : Vi — Wy and 15 : V5 — W5, Denote the

matrix representations of T} and T with respect to the given bases as follows:

a1 ... Qip 511 51m
Tl =lol=| o | (Bl = 18] =

Qprp ... Qpip Bm’l ﬁm’m

The tensor product of the linear maps 77 and T5 is defined as the following

linear map:

Nely: ViV, — W W,
Z CiV1; @ Vg —> Z ¢iTy(v1;) ® To(vg;).

Choose the ordered bases for V; ® V5 and W7 ® Wy as defined in Proposition
2.1.1. Since

n/

(T @T5)(er ® f1) = Z Z ainBi(& @ f7),

i=1 j=1
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we have

ar1[fr] - aan[Br)
Ty ® Tyl 2 = [ Bril] = : : :

Byiav, : " 3
a1 [Br) - n[Bril
(B Bim B o Buim | ]
o | : ceeQap | :
Br1 oo Bavm S B
Biw o Pim B o Pim
Qpry : : e Qg : :
B o Bum Bt e Buom] |

Remark 2.1.3. Again, this choice of ordered basis is arbitrary, but standard.

2.1.3 Separability of Column Vectors/Matrices

A (suitably-sized) column vector v is said to be separable if there exist column

vectors a and b such that

Similarly, a (suitably-sized) matrix M is said to be separable if there exist

matrices A and B such that

Q11 ... Oap 511 oo Bim
M=A®B= : : (%9

Apry .. (6797 /qu e Bm’m

10
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2.2 The Schmidt Decomposition

2.2.1 Singular Value Decomposition

Definition 2.2.1. Let T : V — W be a linear transformation, where V' and
W are finite-dimensional inner product spaces with inner products (-, -)y and
(-,-)w respectively. A function TT : W — V is called an adjoint of T if
(T(x),y)w = (z, T (y))y forallz € V and y € W.

Lemma 2.2.2.
1. T'T and T'T" are positive semidefinite.
2. rank(T'T) = rank(TT") = rank(T).
Proof. Refer to pages 367 and 378 of [2]. O

Theorem 2.2.3 (Singular Value Theorem for Linear Transformations). Let
V and W be finite-dimensional inner product spaces of dimensions n and m

respectively, and let 7" : V' — W be a linear transformation of rank r, i.e.
dim(7'(V)) = r. (Note that » < min(n,m)). Then

1. There exist orthonormal bases {vy, vo, ..., v, } for V and {wy, we, ..., wy,}
for W, and positive scalars o, > 09 > --- > 0, such that
o;W; if 4 S r

T(vi) = - (1)
0 if i >r.

2. Furthermore, for 1 < i < n, v; is an eigenvector of 7T with correspond-
ing eigenvalues o? if i < 7 and 0 if 4 > r. Thus the scalars {o;}, called

the singular values of T', are uniquely determined by 7.

11
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Proof.

1. From Lemma 2.2.2, TTT is a positive semidefinite linear operator of
rank 7 on V', hence there is an orthonormal basis {vy, v, ...,v,} for V
comprising eigenvectors of T1T with corresponding eigenvalues )\;, where
M>XA>--> )\ >0,and \; =0 for i > r. For i <r, define 0; = /\;

and w; = U%T(vl) We show that {wy,ws,...,w,} forms an orthonormal
subset of W. Suppose 1 < 1,7 <r. Then
(wi,w;) = {T(w:), —T(v,))
wi, wj) = (=T (v;), —T(v;
j o; 7; j
1
o (TT () 1)
1
= )\z 1y Vg
Ui0j< Vi, V)
2
= - iy Uj) = 5@
710 (vi, v)) J
This set can be extended to an orthonormal basis {w1, ..., w,, ..., wy,}

for W. Now we prove Equation 1. By definition, T'(v;) = o;w; for ¢ < r.
Ifi >r, T'T(v;) =0, so T(v;) =0 (c.f. pg367, [2]).

2. Fori1<i<mand1<j<n,

o; fi=43<r
(T (w3),v3) = (w5, T(v)) = JET

0 otherwise
SO
ow; ifi=75<r
j=1 0 otherwise.
Thus for 2 < r,
T'T(v;) = T (o3w;) = o2w;

and for i > r, TTT(v;) = TT(0) = 0. Therefore each v; is an eigenvector

of TTT with corresponding eigenvalue o2 if i < r and 0 if i > 7.

12
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Remark 2.2.4. Although the singular values {o;} are unique, the orthonormal
bases {v;} and {w;} are not, because the orthonormal basis formed by the

eigenvectors of TTT is not unique.

Theorem 2.2.5 (Singular Value Decomposition for Matrices). Let A
be an m x n complex-valued matrix of rank r. There exists an m x m unitary
matrix U, an n X n unitary matrix V', and an m x n matrix X defined by
o, ifi=75<r
D=4
0 otherwise

where o; > 0, such that
A=UxVT

Proof. Define L, : C* — C™ such that Ly(z) = Az, where € C". By
Theorem 2.2.3, there exist orthonormal bases § = {vy, vs,...,v,} for C" and
v = {wy,wa, ..., wy} for C™ and scalars {01, ...0,} such that L4(v;) = o;w;
for i <rand 0 for ¢ > r.

Let U be the m x m matrix whose jth column is w; for all j, and V
be the n X n matrix whose jth column is v; for all j. Note that because
of orthonormality, U and V' are both unitary. Now consider the jth column
of the matrices AV and U3, where ¥ is formed from the scalars {o1,...0,}
and defined as in the statement of the theorem. It is straightforward to show
that both jth columns are oj;w;. Thus AV and UX are equal, implying A =
Uxvi. O

Remark 2.2.6. The singular values of a matrix A are defined to be the sin-

gular values of L4 as defined above.

2.2.2 Schmidt from SVD

The Schmidt Decomposition follows from the Singular Value Decomposition.

13
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Theorem 2.2.7 (Schmidt Decomposition). Suppose we have a bipartite
pure state

(V) ap € Ha @ Hp.
Then it is possible to express this state as follows:

d—1

|1/)>AB = Z)\z‘ |i>A|7:>Bv

=0

where the coefficients \; are real, strictly positive and satisfy Y, A7 = 1, the
states {|¢) ,} form an orthonormal basis for system A and the states {|i),}

form an orthonormal basis for system B. The Schmidt rank d satisfies
d < min{dim(H,), dim(Hpg)}.

Proof. Denoting d4 = dim(H4) and dg = dim(Hp), we can express |¢) ,5 as

da—1dp—1

) ap = Z Z i |7) 4 1K) 5 (2)

=0 k=0

for complex coefficients aj; and orthonormal bases |j), and |k)5. Consider
the matrix A defined by

[Aljr = i
Making use of Theorem 2.2.5, we write A as

A=UXV

where U is a d4 X d4 unitary matrix, V is a dg X dpg unitary matrix and X is
a dy X dg matrix with d real, strictly positive numbers \; along its diagonal

and zeroes elsewhere. Thus for 1 < j < du,1 < k < dpg, we have

d—1
ajx = E Uji A Vi
i=0

14
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Substituting this into Equation 2, we have

7=0 k=0 1=0
d—1 da—1 dp—1
S (S o (L ewm,)
1=0 7=0 k=0
d—1
= Aili) 4 i) s
=0

where
|i>A = Zuﬂ U)A (3)
1) 5 = Zvik k) - (4)

Now we verify that {|i) ,}a4™" and {|i);}22~" form orthonormal bases for

their respective systems, and that Y, A7 = 1.

ali'i), = (Z W <j’A> <Zk: Uki |k>A>
j
= Z Zk: u;z'ukl AR 4
= i ; u;i,ukiéjk
J
= zj: u;i,uﬁ

- Z UZT,JUﬂ == 51/1
J

15
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Likewise for g (j' | j) 5. Finally, since >7. 3", |ajx> = 1, we have

1= Z Z (Z ujp)‘pvpk) <Z u;q)\qu;k>

Jj ok P q

=222 2 Ul MVl
J k p g

S (S (S
P q J k

- Z Z Opg g
P q

-3
P

finishing the proof. [l

2.2.3 The Schmidt CoB Matrix is Separable!

This result is important later on when we prove that ‘decomposability’ is still
preserved after we make a change-of-basis from an initial basis to a Schmidt

Basis. First, we recall the notion of a change-of-basis (CoB) matrix.

Given a linear operator T': V. — V. Let us adopt two bases for V', say
B = {ey,eq,...,e,} for the domain and B’ = {e], ¢, ..., €, } for the codomain.
Recall that the matrix representation of T is given by [T, where [T]5 is
defined such that

715 [v]5 = [T(v)]p
We can show that
118 = [Tels Do ... Tleln].

Definition 2.2.8. Given two bases B and B’ for V. The change-of-basis

matrix from B to B’ is simply [/]5.

16
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Theorem 2.2.9. Given a tensor product space Ha ® Hp, with basis Bagp.
As shown above, given any pure state |t 4p), we can find a Schmidt Basis for
it, say Bgen. Now denote the CoB matrix from Bagp to Bge, by [Schag], i.e
_ [71Bse
[Schag] = [I]Bié‘B.

Then [Schap] is separable.

Proof. Refer to Equations 3 in Theorem 2.2.7. The new (Schmidt) basis for
Ha®@Hp is given by Bge, = {|p)g @)}, with 0 <p <da—1,0< ¢ <dp—1.

Writing the old basis vectors in terms of the new basis, we have
Ja= Z Upj P)s
k)p = Z Var |9)s
q

So

| A|k ZZ% qk S‘

From this, we see that [Schag] is Separable. For concreteness, we write down

the details for the simple case where d4,dp = 2. In this case, we have

O)A |0>B = Z ZULOUZO ’p>s |Q>S
p q
0>A |1>B = Z ZULOU; ’p>s |Q>S
p q
1al0)g = Z ZU;W;O P)sla)s
Dall)p Zzuplvql P)s1a)s

17
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SO

[SChAB]: “OO>AB]BSch [|01>AB]BSch [|]‘O>AB]BSch [‘11>AB]BSch

T t % % t %
UgpUoo UgoVo1r Up1Voo Up1Yo1

T, % T, % T, % T,
UpoV10  UooU11 Uo1V10 U01V11
7o T % T T
U1pVpo  U10Yo1  U11Yp0  U11Vp1
U1pU1p  Upp¥1p  Up1V19  Up1U711

2.3 Permutation Matrices

Definition 2.3.1. A permutation matrix P is a square matrix that has
exactly one entry of 1 in each row and each column, and 0’s elsewhere. Multi-
plication of P with another suitably sized matrix, say A, results in permuting
the rows (when pre-multiplying, i.e. PA) or columns (when post-multiplying,
i.e. AP) of A. Every permutation matrix can be obtained by permuting the

rows/columns of the identity matrix I.

2.3.1 Notation

For the purposes of this section, we denote the standard row/column vectors
by {e;}. Whether e; assumes row/column form will be clear from the context.

It is perhaps best to develop the content here with a concrete example.

Denote an n X n matrix by (1,2, ...,n), where the integer ¢ represents the

1th row of the matrix. Suppose we would like to permute a matrix’s rows such

that the permuted matrix’s rows, arranged in order, are (w(1),7(2),...,m(n)),
where 7 : {1,2,...,n} — {1,2,...,n} is a permutation on the set of n
elements:

18
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The appropriate permutation matrix to use is:

er(1) 7
j €r(2) 7 7
€r(n) 7

where the e;’s assume row form. Pre-multiplying the matrix by P gives our
desired result.
If is it the columns that we wish to permute instead, then let the e;’s

assume column form. The appropriate permutation matrix is:

eﬂ(l) 6#(2) eﬂ(n)

ool

P =

Post-multiplying the matrix by P gives our desired result.

Example 2.3.2. Let n =5, 7= (1%3%%), and

11 a2 @13 a4 Qs
Q21 Q22 A23 A24 Q25
A= 31 dAagz 33 A34 435

Q41 Q42 Q43 Q44 Q45

51 Qp2 As3 As4  Ass

1. (Row Swap)

Set
e, —] [a11 a1z a3 aw ais] 1
e, — As1 Qa2 Qa3 Gaa  Gy5| 4
Py = |e; —s|, suchthat P,A = |02t @22 @23 a2 Qo5 2
es — as1 sz sz Gsa Gs5| D
e5 — Las1 asp asz3 azq azgsl 3

19
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2. (Column Swap)
Set

11 Q14 Aaiz2 Az Q13
Q21 Q24 QA22 Q25 (23

p €1 €4 €9 €5
T asy Q34 Az ags  Asz |’

“ , such that AP, =
LrL J

Qg1 Q44 Q42 Q45 Q43

Ld51 G54 Q52 A4ss  A53]

2.3.2 Properties

1. The set of all n x n-sized permutation matrices P, forms a group, where
the group operation is matrix multiplication and the identity element is
the identity matrix. In our description of P, above, P, ‘behaves’ like the
permutation 7, with the permuted elements being row vectors. Indeed,
in group theory jargon, the set of permutation matrices is isomorphic to

the symmetric group:

{P,} =S,

P, +— .

2. {P,} is generated by the set of elementary row-swapping matrices (whose

counterparts in S,, are the transpositions).

3. There are n! elements in {P,}.

Remark 2.3.3. Note that the size of P, need not be the same as that of A.
Suppose A is of size m x n. To permute its rows, P, is to be of size m x m,

and to permute its columns, P, is to be of size n x n.

20
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3 Main Results

3.1 The Problem in Detail

As briefly discussed in the introduction, we have seen how a particular pair of
entangled ququarts, [¢)) = £(|00) + [11) + |22) + [33)) could be replicated by
two pairs of entangled qubits. $(]00) + [11) + [22) + [33)) is thus said to be
‘decomposable’. We begin this section by asking: when is a given general |¢))

in a bipartite ququart system decomposable? In a diagram,

[N
oy

4
A @

2 2

@ @ B
A | @ @

2 2
Figure 2: Simulating a pair of entangled ququarts, where |¢)) € Ha @ Hp.

Of course, let us first precisely define what it means for a state to be

decomposable.

Definition 3.1.1. A pure state |¢)) € (C*) ® (C*) is decomposable if there
exist bipartite states @) 4 g, [¢') 4,5, Of dimensions 4 = 2%, and an encoding
such that

’w> = ‘(p>AlBl ® |S0/>A2B2 °
If 1) is not decomposable, then we say it is genuinely multilevel entan-

gled.

21



3. MAIN RESULTS

In fact, let us not restrict ourselves to bipartite ququart systems. An
analogous definition could be made for general bipartite qudit! systems as

well.

D D
A @ ¢ s

?
d = d
Al @ @ | B
03¢
A | @ @ B
d, d;

Figure 3: Simulating a pair of entangled qudits, where |¢)) € H,4 ® Hp.

Definition 3.1.2. A pure state |¢) € (CP) ® (CP) is decomposable if there
exist bipartite states |@) 4 5 ,|¢') 4, p, of dimensions d3, d3, where dy x dy = D

and an encoding such that

|w> = ‘90>A131 ® |S0/>A2B2 .

If 1) is not decomposable, then we say it is genuinely multilevel entan-
gled.

In the next subsection, we reproduce the main ideas of the approach of the

authors of [1].

LA qudit is a generalization of a qubit to d dimensions. In particular, a qubit is a qudit

of dimension 2.

22
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3.1.1 An Existing Approach

First, a general two-ququart state can be written in the Schmidt decomposition

as

|¥) = 50100) g + 51 [11) 45 + 52[22) 4 5 + 55 [33) 45 »

where the Schmidt Coefficients are ordered, i.e. so > s1 > s3 > s3 > 0 (also
recall that ). s? = 1). To determine whether [¢)) is decomposable or not,
the maximal overlap between [¢)) and all other decomposable states |¢) was

computed, and was given to be

maxj, | (¢[1) | = max singval ()
if we choose the encoding between Schmidt Bases, where
S0 S1
52 33] .

It was then claimed (without a direct proof) that |¢) is decomposable if and

S:

only if max singval (S) = 1. In the special case of bipartite ququarts, this
is also equivalent to saying that det(S) = 0. For higher dimensional states,
it would then be necessary to run through all possible encodings, and it was

shown that for a decomposition into D = d x d’, there are
B (dxd)!
~ qd . -
ITi- Hj:l(" +j—-1)

permutations (i.e. different ways of encoding) that one has to check.

3.2 An Alternative Method

We propose an ‘algebraic’ method of detecting decomposability, though we
must warn that this is not necessarily much easier to execute than the existing
approach. Indeed, as we shall see later, as D increases, the complexity blows

up really quickly as well.

23



3. MAIN RESULTS

For notational simplicity, we shall henceforth use the column representation
of a vector, with respect to some specified basis. Let us start with the bipartite

ququart system. In its most general form, an arbitrary state |¢) is written as

|¥) = €00 [00) 45 + -+ + €03 [03) 4 + 10 [10) g + -+ + €33 |33) 45

Coo
B | .
= | = H¢>]BAB7
€33
with Bap = {|00) ,5,]01) 45,---,|33) 45} From Definition 3.1.2 of decom-

posability, we want to check if this is equal to ) , 5 ®[¢') 4, 5, OF nOt, ie. in

column form,

c aq a9
00
. 2 | b by ,
loNBae = | 1| = N = [l©) @ [€")]Ba, 5, 4,5, (5)
1 2
C33 d, d,

= [’()0>]BA131 ® [|90/>]BAQB2 (6)

with

Bag, = {|OO>A131 ) ’01>A1B1 ) ’10>A131 ) ‘11>A131}
BAsz = {’0()),4232 ) ’01>A232 ) ’10>A232 ) ‘11>A232}'

A priori, this does not quite make sense, for Bap and Ba, g, 4,5, are entirely
different things. This is where the ‘encoding’ part comes in - by assigning
to each element in Bsp an element in By, g, a,5,- After this encoding, it

would make sense to talk about [|1)] Concretely, the only difference

Ba,BiAyBy "
between [[¢)]p,, and [[¢)]p, 5 4,5, 15 that the latter is a permutation of the

former (or equivalently, the former is a permutation of the latter).

Example 3.2.1. Consider a toy example. Let B = {|0),|1),[2),|3)} and
B’ = {|00),]01),]10),|11)}. Consider the state |t)) = co|0) + ¢1|1) + c2|2) +
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c3|3). We have

Co

1

1¥)]5 =
Co
C3

What about [|¢))] 5?7 That would depend on how we encode B.
1. Encoding: |0) — ]00),|1) — |01),|2) — |10}, |3) — |11)

)]s = |

(&)

C3
2. Encoding: |0) — [00),|1) — [10),|2) — |11),|3) — |01)

)]s = |

&1

Co

3. Encoding: [0) — [11),]1) — [01), |2) — [00), [3) — |10)

Co
1
o) Br =
C3
Co
4. ... and so on, for a total of 24 different encodings.

Remark 3.2.2. Making an encoding with B4, p, 4,5, 1S equivalent to making
an encoding with B4, 4,5,8,- More precisely, there is a one-to-one correspon-
dence between the two encodings, since there clearly is an obvious encoding
between By, p, 4,5, and By, 4,5, 8, themselves. To give an example, let us con-

sider our state |¢/) = 1(]00) +[11) +|22) +|33)) in the Introduction. There, we
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3. MAIN RESULTS

made the encoding [0) , = [00) 4 4. 1) 4 = [01) 4 4, 5124 = [10) 4 4,5 [3) 4
[11) 4, 4, and similarly for B. This gives us an encoding between Bsp and

Ba, a,B, B, as follows:

100) 4 #> 10000) 4, 4,5, 8, 101) 4 +>[0001) 4 a5, 102) 45 > 10010) 4, 4,5, 5,
103) 4 = [0011) 4 4,5, 5,
110) 4 > 10100) 4 5,3, 111) ap +> [0101) 4 a3, 112) 45 > [0110) 4, 4,5, 5,
113) 4p > |0111) 4 a5,
120) 4 7> [1000) 4 5,8, 121)ap 7> [1001) 4 a5, 122) 4p > [1010) 4, 4,5, 5,
123) ap = [1011) 4 4,5, 5,

) )

) )

30) 45 — 1100 A1 AsB1 B 131) 4 ‘1101>A1A23132 132) 4 |1110>A1A23132
33) 4p — [1111 A1 As By B

or equivalently, an encoding between Bsp and Ba, g, 4,5, as follows:

00) 4 = [0000) 4, a4y, [01) 4 +>10001) 4 g 4y, 102) 4p > [0100) 4 5 4,5,
03) 4 > |0101) 4 . 4y,
110) 4 +> 10010) 4 g 4y, 111)ap +> [0011) 4 poayp,  112) 45 > [0110) 4, 5, 4, 5,
113) 4 +> |0111) 4 5. 4,5,
20) a5 = [1000) 4, g, 4y, 1210 ap = [1001) 4 g4y, 122) 45 = [1100) 4, 5, 4, 5,
123) 4p 7> 11101) 4 b, 4y,
130) 4 7> [1010) 4 g ayp, 13 ap +> [1011) 4 poayp,  132)4p > [1110) 4, 5, 4, 5,
133) ap > 11111) 4 5 4y,

As is becoming painfully apparent now, the complexity of all these encod-
ings can get really tiring. However, this is where the Schmidt Decomposition
comes in. Suppose [[6)] = (19} 50 s, @ [€)]5,, (after an encoding). Ap-

plying the Schmidt Change-of-Basis matrix, which is separable (c.f. subsection
2.2.3), we have

[Schasll[¥)Bas = [(U) @ Vo) Ba,5, ® (19 )Bays,
= (UT)*[|90>]BA131 ® V*HQO/)]BAQBy

where (UT)* and V* are also change-of-basis matrices putting [|¢)] and

Baypy

1) B4, 5, Tespectively into Schmidt form. Thus from now on, we shall deal
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exclusively with Schmidt Bases.

Since decomposability and separability are closely related, let us make
a brief digression. In the next subsection, we develop a method to detect

separability, which shall be modified and used in detecting decomposability.

3.2.1 A Short Detour: Separability

Many techniques have been developed to detect separability for a given state,

see [6], [7]. We shall add one more to the repertoire.

First, recall from subsection 2.1.3 the notion of separability for column
vectors: the column vector v is said separable if there exist column vectors a
and b such that

This definition is compatible with the one made for arbitrary vectors (i.e. [¢)

is separable if there exist |a) , |b) such that 1) = |¢) ® |¢')).

Now a general vector [¢)) € V @ W can be expressed as
) = ZZ% |1>v |j>w )
i=1 j=1

where {]i), } and {|j);; } are bases for V and W respectively. As mentioned

(2.1.2), it is customary to assume the ordered basis {|11),...,[1n),... |m1),
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...y mn)} for V@ W. Thus we have

C11

[|¢>}BV®W = )

Cm1

Cmn

which is a matrix of size mn x 1. We now introduce another representative

notation: let us define the matrix M5, such that [M|g>]ij = ¢;j, Le.

)
ci1 ... Cin
B _
Migy =
Cm1 --- Cmn

We claim that [¢) is separable if and only if M, is of rank 1.

Theorem 3.2.3. Let By, By be bases for the vector spaces V, W (of dimen-
sions m and n respectively), and denote Bygw by B. A vector |[¢) € V@ W
is separable if and only if rank(M@) = 1.

Proof.

1. (=) Suppose |1)) is separable, i.e. |[¢)) = |v) ® |w) for some |v) € V and

|w) € W. Equivalently in their column representations, we have

C11
Cin U1 wq
[[¥)] = = ® = [[v)]5, @ [[w)]By
Cm1 Um W,
_Cmn_
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Then observe that

ci1 ... Cin _vlwl Ce V1Wp
Cm1 -+ Cmn _vmw1 e Upwp
[ U1 U1
= w1 Wnp |
Um Um

thereby showing that M|ﬁ> is of rank 1.

. (<) Conversely, suppose rank(M@) = 1. By definition, the dimension
of its column space is 1. So picking the first nonzero column, which

without loss of generality we let to be the first one, we have

aq a1
B . .
(7 O
We can then write
_all_
a3
' (051 1
Oélﬁn
. o5 B
Wls={ & | =] ]®]"| =05l
oyl ' 5
am n
anfp| LT
_amﬁn_

Up to a normalization factor, we have

- .
ey = || and [fula, = |
_am_ _671_
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In other words,

0y = <i o |z'>> . (Z 5 |j>) |

i=1
[

Of course, in the theorem above we made use of some particular basis
(namely, By, By and B = Bygw ). We have to show this technique is inde-
pendent of the bases By, By we choose. To do so, consider the new bases
By, By, and B' = By, gy

Proposition 3.2.4. rank(M[)) = 1 <= rank (M7,

wy) = 1.

Proof. Let U and V' denote the change-of-basis matrices from By to B{,, and
from By to By,. We have

aq
rank(Mf) = 1= M8 = | ¢ | [8 ... 4]
Qm
631 61
= [Vp=|:|®]:
am Bn
aq 51
=V =UV[PY)p=U|: |V |:
U, Bn
aq
= ME=U| : [ﬁl @L}VT
A

= rank(Mﬁ);) =1,

where the last equivalence comes from the fact that multiplying a matrix by

invertible matrices does not change the matrix’s rank. O
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Remark 3.2.5. In [6], [7], it was shown that a state is separable if and only
if its Schmidt Rank is 1. We can consider that statement to be a special case

of our theorem here, with B being the Schmidt Basis of the state, since

| L. oo .0 .
Schmidt Rank:1<:>M|w>: L _ <:>rank(M|w>):1.

3.2.2 Decomposability of Bipartite Ququarts

Now, decomposability proper. Again, let us start with the simplest system -
a bipartite ququart. For ease of reference, we reproduce the equation we are

supposed to tackle (c.f. Eqn 5):

S00
S11 4 a
Hw)]BAB = = b ® d = H@) ® ’(p/”BAlBlAQBQ
22
533

= HQO)]BAlBl ® [|¢/>]BA2BQ>

where we have assumed all the bases to be Schmidt Bases, i.e.

|40) = $00100) 45 + s11 [11) g g + 522 |22) 4 g + 533 [33) 45

o) =a |00>A131 +b |11>A181

") = ¢ 00) 4,5, + d|11) 4.,
and that the Schmidt Coefficients are ordered, i.e. sog > S11 > S99 > S33 > 0,
a>b>0,¢>d>0.

In accordance with our new ‘matrix notation’ ]\/[‘ﬁ> developed above, we

put this equation into matrix form:

Mo = [ ] : H e d] = 1)y 0, 195,

522 533 b
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Don’t forget the encoding! Here, the encoding takes place between the (Schmidt)

Bases

Bap = {|OO>AB ) ’11>AB ) ’22>AB ) ’33>AB}

Ba,B,AB, = {|0000>A131A2B2 , |0011)A131A232 , |1100>A131A232 , |1111>A131A232},
so the term M, By 5148, is well-defined.

)

Example 3.2.6.

1. Encoding:

100) 4 — ’0000>A131A2B27 111) 4 = |0011>A131A2B2

122) 4p — ’1100>A131A2327 133) ap |1111>A131A232

MBAlBlAQBQ . [SOO 511]

[v) o
S22 533

2. Encoding:

100) 4 — |0000>A131A2327 111) 4 = |1100>A131A2Bg

122) 4p = ’0011>A131A2327 133) A |1111>A131A2B2

MBA131A232 | So0 S22
[¥) o
S11 533

3. Encoding:

100) 45 = [1111) 4 g asm,» 1145+ [0011) 4 5 oA g

122) 45 — |0000>A131A2327 133) |1100>A131A2B2

MBA131A232 S22 Su
[¥)
533 S00
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Remark 3.2.7 (Caution!). Note that the last example is not always valid!
This is due to our assumption that the Schmidt Coefficients are ordered. Thus
if the largest and/or smallest coefficients sg, s33 are unique, i.e. there are no
duplicates among the other Schmidt Coefficients, and if there were an encoding
that leads to decomposability, then so9 = ab and s33 = cd with no other
possible choices. In the next subsection, after dealing with general bipartite
systems, we shall provide a lower bound for different encodings leading to
decomposability (provided a least one exists). The result makes use of the

permutation matrices introduced among the mathematical tools above.

Let us now apply this technique to affirm what we already know to be true:
that the maximally entangled state $(]00) 45 + |11) 45 + [22) 45 + [33) 4p5) 8

decomposable.

Example 3.2.8. The maximally entangled state [¢)) = 1(|00) 5 + [11) .5 +
122) 4 5+133) 45) is decomposable. In fact, there are 4! = 24 different encodings,

all of which lead to decomposability. This should be clear, since for every single

|

which is of rank 1. While in the introduction we chose a specific encoding,

encoding we have

BaiBiassy _
My, = [

[
NI N—

this would work for any other as well, due to the Schmidt Coefficients being

identical. The encoding used in the introduction corresponds to:

00) o3 ’OOOO>A1A23132 [11) o5 — |0101>A1A23132

22) o — |1010>A1A2B1B2 133) ap |1111>A1A2B132 )
or equivalently

00) o ’0000>A131A232 [11) o5 — |0011>A131A232

|22>AB — |1100>A1B1A232 |33>AB — |1111>A1B1A232 :
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Example 3.2.9. The state |¢)) = \/Lg(|00)AB +|11) 45 + 122) 45) is not decom-

posable. For any encoding, we have

s~ L [LA) L foal [l o]
V3 (1 0 V3 (o 1 V3|1 1 V3 (11
none of which are of rank 1.

3.2.3 Decomposability of General Bipartite Systems

The decomposability of general D x D systems is assessed in an identical
manner to what has been done for the bipartite ququarts, with the only change

being dimensionality.

D D
A @ ¢ s

?
d; = d;
ALl @ @ | B
®
A | @ @ B
d, d;

Example 3.2.10.

1. D:6, d1:2,d2:3;
) = 75(100) 45 + [11) ap + [22) 4 + 33) 4 + [44) 45 + 155) 45)

MBA1B1A2B2:L 111
i V6|1 11

for any encoding, so [¢) is decomposable.
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2. D:6, d1:2,d2:3;
Making the encoding

00) o3 |OOOO>A131A232 [11) o5 — ‘0011>A131A282
22) o — |1100>A1B1A232 133) ap |1111>A1B1A282

|44) o p — |0022>A131A232 155) o5 |1122>A131A232

gives

MBA131A232:1 110

so [¢) is decomposable.

3. D=12, dy = 3,dy = 4;
) = $00|00) 4 + s11[11) 4 + $22[22) 45 + 533 [33) 4 + 544 [44) 45 +
§55 95) 41566 [66) 451577 [T7) 4 pF588 [88) 4 5500 [99) g pF51010 [1010) 4 p+
s1111 [1111) 4 p

There are 12! different encodings to check before we can determine
whether |¢) is decomposable. Is there any way to reduce this com-

plexity?

From the last example above, we see how the number of possible encodings
blows up factorially. It might very well be that |¢) is decomposable, and
that the encodings allowing this are obvious, but often it is not easy to tell.
To establish that [¢) is not decomposable, we have to run through all the

encodings and make sure all the resulting M, S;‘lBlAQBQ ’s are not of rank 1.

Proposition 3.2.11.

1. The maximum number of encodings we have to run through to decide

decomposability for D = d; X ds is given by

(dqd2)!
dildy!
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2. If an encoding allowing decomposability exists, there exist at least (dy —

2)!(dy — 2)! other such encodings.

Proof.

1. For each encoding, we have to find out the resulting Mﬁ‘;lBlAQBZ 's rank.

Are there different encodings resulting in the same rank for M, ‘3?131,4232 ?
Practically, are there permutations of a matrix’s elements such that the

permuted matrix has the same rank as before?

Yes! It is an elementary result from linear algebra that row and column
swaps do the job. The question thus boils down to how many different
results we can obtain by applying row swaps/column swaps/combina-
tions of both on the matrix. This is where the permutation matrices in
Section 2.3 comes in handy. Pre-multiplying a matrix by a permutation
matrix permutes the matrix’s rows, while post-multiplying permutes the
columns. Also, from the properties 2.3.2, we deduce that there are at
most dy!d,! different matrices that can result from these operations, all
of which have the same rank. Thus the maximum number of encodings
we have to run through is divided by this number, giving

(dqd2)!

dildy!

2. The reasoning here is the same as above, but we have to be a little
cautious. If the largest and smallest Schmidt Coefficients are unique,
then we cannot permute them out, c.f Remark 3.2.7. Thus the number
of rows/columns we can permute are each reduced by two. Now if we
have an encoding that leads to decomposability, then permuting the
‘inner’ rows/columns would lead to the same rank (= 1) as well, hence

decomposability too.
O

Remark 3.2.12. Note that the proposition above works even for the worst-

case combinatorial scenario, when all the Schmidt Coefficients are unique. If
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there are identical elements, the complexity reduces drastically. An extreme
example would be the state [¢) = 3(]00) .5+ [11) 45 +122) 45 +33) 45), where

all encodings lead to decomposability.

3.3 Extensions of The Method

Now we ask - are the techniques we have developed so far applicable to more
complex systems as well? We shall consider two different extensions of the

bipartite system, namely multipartite systems and ‘finer’ decompositions.

3.3.1 General n-partite Systems

D

D
A . ‘B ‘C .....

)

d]_ d]_ dl
A C
' ® Bl . o
A2 . ’ B ‘ C2
dz d2 2 dZ

Figure 4: Simulating n entangled qudits

Analogously to Definition 3.1.2, we have

Definition 3.3.1. A pure state 1)) € (CP) ® (C”) ® (CP) is decomposable
if there exist tripartite states [©) 4 g ¢, »19") 4, p,c, Of dimensions d, d3, where

d; X do = D and an encoding such that

1) = 19) a,8,0, @19 48205 -

The main result is not applicable here as for n-partite systems where n > 2,
there is no Schmidt Decomposition (c.f. [4], [5]). There is a weaker, gener-

alized form of the Schmidt Decomposition, which we shall include here for
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completeness. The author however is unable to make good use of it in this

problem.

Theorem 3.3.2 (Generalized Schmidt Decomposition). [5] Suppose we
have a pure state |¥) € H1®---®@H,, where n > 3 and dim(H;) = dim(Hz) =
-+ =dim(H,) = d > 2. Then for r = 1,2,...,n there is a basis {|[¢)]) : i =
1,...,d} of H, such that in the expansion

U) = > i, [0) [W02) )

i1...0in

the coefficients ¢;, ;, have the following properties:
L. Cjiii = Cijini = - = ciiiy = 0if 1 <0 < j <d
2. ¢4, 1s real and non-negative if at most one of the i, differs from d
3. Jcii il > ej gl i <g,r=1... n

Remark 3.3.3. For the special case of the tripartite qubit, i.e. n =3, d = 2,
we have (c.f. [4])

(W) = Ao |000) + Are [100) + A [101) 4 Ag [110) + Ay |111)

where \; >0,0<p <mand ) A\ =1

3.3.2 Finer Decompositions

For simplicity, let us consider a three-component decomposition (all decompo-
sitions so far were two-component decomposition). The general definition of

the n-component decomposition is easily formulated.

Definition 3.3.4. A pure state [¢)) € (C”) @ (CP) is 3-decomposable if
there exist bipartite states [¢) 4, g, +[¥") 4,5, + ¥") 4, 5, Of dimensions d7, d3, d3,

where d; X dy X d3 = D and an encoding such that

‘w> = ’SD)AIBI ® ‘(pl>AgBQ ® ’90”>A3B3 :
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D D
A @ @ -

>
@® -
Y
EJ

>

N

® -9
N

@
N

lwy)

N

Figure 5: A finer simulation of entangled qudits

In this case, the methods developed above is applicable, simply via itera-
tion - if AB decomposes into A;B; and A’B’, then we attempt to decompose
A’'B’ itself. This is best demonstrated via a concrete example, using by now

what should be our favourite state - the maximally entangled state.

Example 3.3.5. Let D = 8, and d; = dy = d3 = 2. The state [¢p) =

;W(|OO>AB + 1) ap +122) 45 + [33) ap + 144) 45 + |55) ap + [66) 45 + [T7) 45)
is 3-decomposable.

Proof. To see this, first make the encoding between

Bap ={100) 455 [11) 45+ 122) 4+ 133) 4 144) 4 199) 4 +166) 4 [TT) g }
By = {|00>A1B1 100) 45 |OO>A131 1) 4
|OO>A1B1 |22>A’B’ ) |00>A131 |33>A’B’ )
|11>AlBl 100) 4/ » |11>A131 1)y s
1) a5, 122) wrp 11) 4., 133) i -
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Doing so gives

M@y (111
) 2211 1 1 1|’

so |1) is (2-)decomposable, into

) = %uoomgl 1) )

and
1
o) = §<‘OO>A’B/ + 1) wp +122) p +[33) )

Now we further attempt to decompose |a). If this fails, |¢) is still (2-
Jdecomposable. If this works, |¢) is then 3-decomposable. Make the encoding

between
BA’B’ = {|OO>A/B/ ’ |11>A’B’ ) |22>A’B’ ) |33>A’B’}
Bayp,asps = {‘00>A232 ‘00>A333 ) |00>A2B2 |11>A3B3 J
’]‘]‘>A232 ’OO>A333 ? |11>A232 |11>A333}7

we have

BayByAsB: 111
M A2B24sBs T ,

which is certainly of rank 1. So |«) itself is decomposable into

N L
") = \/§(|00>A2B2 + |11>AQB2)

and .
") = E(|OO>A333 + |11>A3B3)'

Thus, |¢) is 3-decomposable, where

|77Z)>AB = |90>A131 ® |a>A’B’ = |90>A131 ® |9‘7/>A2B2 ® |90”>A3B3 :
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4 Python Code for evaluating Bipartite Sys-

tems

#Takes in matrix (list of lists). This function checks
for L.I. of rows, or not.
def matrix_rank_is_1 (mat):
if find_non_zero_in_matrix (mat) —
return False
else:
i,j = find_.non_zero_in_matrix (mat)
ref_-row = mat[1i]
for n in range(0,len (mat)):
if nl= 1i:
rowl = ref_row.copy ()
row2 = (mat[n]).copy()
rowl_ind = rowl[]]
row2_ind = row2][]]
if tuple(map(lambda x: xxrow2_ind, rowl)
) != tuple(map(lambda x: x*xrowl_ind, row2)):
return False

return True

#Auxiliary
def find_non_zero_in_matrix (mat):
for i in range(0,len(mat)):
for j in range(0,len(mat[0])):
if mat[i][j] != 0:
return (i,j)

return
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#Takes in list , returns a list containing all permuted
versions of the input list , including duplicates.
def perm_list (lst):
if len(lst) = 1:
return [lst]
result = []
for 1 in range(0,len(lst)):
temp = Ist.copy ()
temp.pop(1i)
result .extend (list (map(lambda x: [lst[i]]+x,
perm_list (temp))))

return result

#Used to count number of different permutations. Returns
a dictionary where the keys represent the permuted
matrices and the values the number of duplicates.

def count(iterable):
result = {}
for item in iterable:

if item not in result.keys():
result [item] = 1

else:
result [item] 4= 1

return result

#Converts matrix to list.
def flat (mat):
result = []

for row in mat:
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result . extend (row)

return result

#Converts list to mxn matrix.
def conv_to.mn(lst ,m,n):
result = []
counter = 0
for i in range(0,m):
result .append(1st [counter:counter4n])
counter += n

return result

#Auxiliary
def accum(iterable ,operator ,init):
res = init
for i in iterable:
res = operator(res i)

return res

#Auxiliary
def factorial (n):

return accum(range (n+1)[1:],lambda x,y: xxy, 1)

#Auxiliary
def num_perm (mat) :
return accum (map(lambda x: factorial (x), count(flat (

mat)).values ()),lambda x,y: xxy, 1)

#Takes in a matrix, returns all permuted matrices of

rank one together with the number of different
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encodings (if they exist), otherwise returns ’None’.
def permutations_of_rankl (mat):

result = []

m = len (mat)

n = len(mat[0])

first_entry = mat[0][0]

last_entry = mat[m—1][n—1]

num_perms = num_perm (mat)

exists = False

permutations = set (map(lambda x : tuple(x),
perm_list (flat (mat) [1:mxn—1])))

for p in permutations:

curr_mat = conv_to_mn ([ first_entry|+1list (p)+]
last_entry | ,m,n)

if matrix_rank_is_1(curr_mat):

exists = True

result .append (( curr_mat ,num_perms) )

if exists:
for i in result:
print (i)
else:

print ( )

#Here are some sample runs
>>> matbell2 = [[1,1],[1,1]]

>>> permutations_of_rankl (matbell2)
([t 1], (1, 1]}, 24)

>>> matbelld = [[1,1,1],[1,1,1],[1,1,1]]
>>> permutations_of _rankl (matbell3)
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([[t, 1, 1], [t, 1, 1], [1, 1, 1]], 362880)

>>> mat = [[1,1],[0,0]]

>>> permutations_of_rankl (mat)
({[t, o, [1, O]}, 4)

([[1, 1], [0, 0]}, 4)

>>> mat = [[1,1],[1,0]]
>>> permutations_of _rankl (mat)

None

>>> mat = [[8,5,3],[2,1,0]]
>>> permutations_of _rankl (mat)

None

>>> mat = [[8,4,4],[4,2,2],[2,1,1]]
>>> permutations_of _rankl (mat)

([[8, 4, 4], [4, 2, 2], [2, 1, 1]], 72)
([[8, 4, 2], [4, 2, 1], [4, 2, 1]], 72)

>>> mat = [[8,6,4,2],[4,3,2,1],[0,0,0,0]]

>>> permutations,of,rankl (mat)

([[8 2, 4], [4, 3, 1, 2], [0, 0, 0, O]], 96)
([[8 4, 6, 2], [4, 2, 3, 1], [0, O, O, O]], 96)
([[8, 6, 4, 2], [4, 3, 2, 1], [0, 0, O, O]], 96)
([[8, 2, 4, 6], [4, 1, 2, 3], [0, 0, O, O]], 96)
([[8, 2, 6, 4], [4, 1, 3, 2], [0, 0, O, O]], 96)
([[8, 4, 2, 6], [4, 2, 1, 3], [0, O, O, O]], 96)

>>> mat = [[8,6,4,2],[4,3,2,1],[1,0,0,0]]
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>>> permutations_of _rankl (mat)

None
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5 Conclusion

Thus, we finish the report. We have devised a technique to tell whether a
general bipartite pure state is decomposable or not, and made attempts to ex-
tend this method to n-partite systems (didn’t work) and ‘finer’ decompostions
(worked). In their paper [1], the authors came up with a definition of de-
composability for mixed states, but no progress was made on it. Future work
could be done on this, and perhaps, similarly to ‘measures’ of entanglement,

we could come up with ‘measures’ of genuine multilevel entanglement as well?

I would like express my utmost gratitude to my supervisor Prof. Kwek
Leong Chuan, and Prof. Valerio Scarani for the numerous consultation sessions
and illuminating discussions. Much thanks also goes to Dr. Yu Cai for the

assistance kindly given during the early phase of this project.
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