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Abstract

This work re-examines Klemm and Maiorana’s 2014 paper Fluid dynamics on ultrastatic
spacetimes and dual black holes by replicating and extending their findings. In that paper,
the black holes in 3+1 dimensions dual (via the Anti-de Sitter/Conformal Field Theory
correspondence) to equilibrium fluids in ultrastatic manifolds in 241 dimensions with
constant curvature in the spatial sections were constructed and classified. These black holes
are all found within the Carter—Plebariski class of solutions. After replicating their work, a
deeper analysis of the Carter—Plebariski class was conducted. This deeper analysis places
a black hole dual that was merely mentioned in passing in context as well as discovering
a black hole dual that was missing in the earlier classification, with both then explicitly
constructed. Thus, this work fully classifies the black holes in 3+1 dimensions dual to
equilibrium fluids in ultrastatic manifolds in 241 dimensions with constant curvature in

the spatial sections.
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Chapter 1

Introduction

Anti—de Sitter/Conformal Field Theory (AdS/CFT) correspondence is a correspondence
between two physical theories, a theory of gravity in the bulk of asymptotically Anti-de
Sitter space in n dimensions and a conformal field theory of n — 1 dimensions on the
boundary of the bulk. It was first proposed by Juan Maldacena in his landmark paper [1],
which has now over 10 000 citations. It is also known as holography, as it invokes the idea
of a 2-D holographic plate storing a 3-D image.

While it was originally proposed in the context of string theory, it has been extended
to beyond that, with applications in condensed matter, quantum information, particle
physics and many more [2].

Anti-de Sitter space is an empty space with a negative cosmological constant, while
conformal field theories are (quantum) field theories that are conformally invariant, which
means that the physics of the theory remains unchanged under conformal transformations,
which are transformations that preserves angles locally.

This remarkable duality between gravity and gauge theories has been utilised in many
fields, as general relativity can be applied to calculate results in strongly coupled field
theories, where perturbative methods fail.

In this thesis, we will deal in gravity /fluid duality, which is a subset of AdS/CFT. This
is essentially embedding black holes in AdS space, with a (conformal) fluid living on the
boundary of it. There has been much work on this [3, 4], with the Navier-Stokes equations
being derived up to second order in [5] for arbitrary dimensions.

Fluid dynamics is the natural behaviour of most, if not all field theories in the long
wavelength limit, and it is thus unsurprising that we can obtain fluid dynamics as a dual

to gravity. There is a hope that this duality would bring a new perspective to both



Introduction 2

fields, including issues such as turbulence, which is still not understood fully despite its
importance. Despite the constrains on the duality, it is believed that insights gained from
solving these solutions can be applicable to general relativity and fluid dynamics as a
whole.

In [6], Klemm and Maiorana claimed that they have fully classified the equilibrium
flows on ultrastatic manifolds, in 241 dimensions, of constant curvature in the spatial
sections as well as their black hole duals in 3+1 dimensions. The equilibrium flows were
classified by unique flows (up to an isometry) on the spatial sections, via the aid of a proof
that equates Killing fields on the spatial sections to equilibrium flows on the manifold.
Only one type of flow was found on the 2-sphere, while two were found for the Euclidean
plane and three for the 2-hyperbola.

The black hole duals to these flows were then constructed from the Carter—Plebanski
class of solutions, which is a very general solution of black holes, and includes, among
others, the Kerr—Newman black hole solution within it. This was done using an analysis
via a quartic P(p) within the Carter—Plebariski metric. In explicitly constructing these
dual black holes, a few new solutions to the Carter—Plebanski class was found. One finding
of this work is that the conformal boundaries of the dual black holes matches that of the
physical region in which the fluid velocity does not exceed the speed of light.

For many of the constructed solutions, and in AdS/CFT in general, the black holes
dealt with are extended, in contrast with the familiar compact black holes. For example,
in contrast with the standard Kerr black hole, there is also a hyperbolic Kerr black hole,
with the event horizon being hyperbolic, unlike the spherical case.

We re-examine Klemm and Maiorana’s work [6] in this thesis, and find that they are
missing a dual black hole. This is filled by considering a quantity known as the NUT charge,
which has been ignored in the original classification. The NUT charge is a quantity that
exists in certain solutions to Einstein’s equations of general relativity [7, 8]. It is generally
considered to be an undesired quantity, as it leads to closed timelike curves, at least in the
traditional black hole solutions, and is thus usually considered unphysical.

The NUT charge has been shown by Griffiths and Podolsky [9] to not be the parameter
n in the Carter—Plebanski class of black holes, but rather that of a new parameter [,
which arises from a shift and rescaling of the coordinate p. This can be seen in the
Kerr-Newman-NUT—(anti-)de Sitter metric in [9]. The confusion over the nature of the
NUT charge arose because when the rotation a and cosmological constant €2 is set to 0,

n = [, which was historically how NUT charge was studied [7, 8].
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With this understanding, a black hole dual to a case that is missing in the current
classification in [6] was formulated. This completes the “dictionary” relating this specific
type of flows to their black holes, allowing for further study.

The organisation of the paper is as follows: firstly, a few results in conformal fluid
dynamics and fluids in ultrastatic manifolds are proved. Next, these results are used in
classifying the possible fluid flows on ultrastatic manifolds with constant curvature on the
spatial sections. The black holes dual to the fluid flows were then found, with the help of
a classification of the quartic P(p) in the Carter—Plebariski metric.

A new form of P(p), found in [9], is then used to find the remaining two cases that
were not found in the earlier classification of P(p). The first case is a well known result,

and mentioned but not detailed in [6], but the second is new.



Chapter 2

Conformal Fluid Dynamics in

Ultrastatic Spacetimes

2.1 Conformal Fluid Dynamics

We now introduce conformal fluid dynamics, which is our CFT half of AdS/CFT. In this
thesis, we will use the indices 1, j, k for spatial and p, v, p for arbitrary dimensions.
A conformal transformation is given by a Weyl rescaling, where the metric is rescaled
10]
G = g, (2.1)

with € being a smooth, strictly positive function. It follows that
g = Qg (2.2)
The Christoffel symbols transforms with an additional term C,
Foric, (2.3)

with
1. - - -
Cp;uz = igpﬁ(vuguﬁ + vug,uﬁ - vﬁg,uv)' (2'4)



Conformal Fluid Dynamics in Ultrastatic Spacetimes 5

The objective is to rewrite C' in terms of the original metric, so from

VoG = vp(nguV)

= 2Q9,,V , 2, (2.5)
utilizing the fact that V,g,, = 0. Thus,

1. 3 . N
CP = 59’3 PV udvs + Vodus — Vi)

1
- 59—2905 (2Q9,5V 4, + 20,5V, Q — 209,V 5Q)

= Q7N (LY, + 60V, Q — g7 g,V 5Q). (2.6)

2.1.1 Conformal Transformation Rule for the Energy-Momentum Ten-

sor

Fluids obey the conservation laws for the energy-momentum tensor T#” and the charge
current J#,

VT =0,  V,Jt=0. (2.7)

In this thesis, we are considering fluids in equilibrium. For these fluids, there can be
no dissipative effects, because the entropy of such a system is constant in time. Thus, the
fluid will have the form of a perfect fluid, and will be shearless and expansionless [4, 6].

The energy-momentum tensor must transform with a conformal weight w [10], if the
theory is conformal, as follows:

TH = QUTH . (2.8)

Note that w is not a tensor index.
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Hence,

VT =V, T + CF,, TP + OV, TH°

= Vu(QETH) + CFup(QOTP) + Oy (QU5THP)

= QUV, T + wQ T TRV, + Q7N (0EV Q4 55V ,Q — Mg,V Q) QU T
+ QNS+ 55V Q2 — g¥9g,,V Q) QU TH

= QUV, T + QU HwTHV Q4 (V,Q + dV,Q — 69V, )T
+ (85, Q + 84V Q2 — g9g,,V Q)T

= QUV,T" + QU HwT™V ,Q + TV, Q + dT"'V ,Q — TV ,Q
+TH'V,Q + TV, Q — TH, V" Q)

= QUV,T" + Q" (w +d +2)T* 9,0 — T",0" ), (2.9)

where the symmetry of T,V ,Q = 9,0 and the shorthand notation of g"*V, = V¥ are
used to produce the final result. Note that d is the dimensions of the spacetime manifold
considered.

A conformal fluid would still have to obey the conservations laws in (2.7), thus we
conclude that

w=—d—2 (2.10)

and

T, =0. (2.11)

From the definition of the energy momentum stress tensor of a perfect fluid,
T = (p + P)ut'u” + Pg", (2.12)
with p being the density and P being the pressure, we get

", = (p + P)utu, + Pdl;

= —(p+P) + Pd. (2.13)
From (2.11) and (2.13), we get the equation of state

p=(d—1)P, (2.14)
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yielding the stress tensor of a conformal perfect fluid,

T = P(dufu” + g"). (2.15)

2.1.2 Conformal Transformation Rule for the Velocity Vector

Now, we show how a fluid with a velocity profile u* transforms conformally. We know

that for all timelike objects,

dzt dz¥  ds® dr?
W = g = g = g = b (2.16)

Thus, given that

a'u, = —1 = utg,u”
= "0 g, 1"
= u'guu’, (2.17)
we conclude that
= Q tuk, (2.18)

2.2 Equlibrum fluids in Ultrastatic spacetimes
An ultrastatic spacetime can always be represented in a coordinate system such that
ds? = —dt* + gijdz'dy’, (2.19)

where we introduce the notation g to refer to indices running across spatial dimensions
only. This can be thought of as curved space with flat time.

A fluid flowing in such a manifold would have a velocity
wh = ~(1,07), (2.20)

which leads to
wuy, =y (—1 + gijv'n?). (2.21)
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Because of (2.16), it can be concluded that

1 1
A2 = — = 5 (2.22)
1—gjvivl  1—-w

with v? = gijvivj.

2.2.1 Relating the fluid flows to Killing fields

We will now prove a rather lengthy result that will link equilibrium fluid flows in ultrastatic
spacetimes to that of Killing fields in the spatial sections of the manifolds. This will allow
us to classify the fluid flows in the next chapter.

As we are considering equilibrium flows,
ot =0, (2.23)

i.e. it does not change with time.

We now consider the term
Vyu” = opu” + T ul. (2.24)
Breaking it up into its constituent components, we have

Viut = ot + nyu”
~rhu
L oou v
= 59 (atgup + al/gpt - 8pgtu)u

=0, (2.25)

due to g,, being independent of time, g; = 0 and g;y = —1, because of the ultrastatic
spacetime.

It also implies that

V' = out + Ffwu”
1 1%
= 8“ut + §9pt(augl/p + OuGpu — OpGyu )

=g, (2.26)
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following the same reasoning as (2.25). Lastly,

Viul = ot + Fguu“
= o) + F{kuk + thut
= ! + Tk + %g”j (Digtv + Orgvi — Dygir)u'
= o + I‘gkuk
= O + %9” (OiGkp + OnGpi — Opgin)u*

1 .
= o’ + 5[@”(3@'% + Ohgii — gix) + 9" (Digre + Ongri — Orgin)|u”

= V! = Vi(y!) = /0y +7Vir?, (2.27)

again using the same reasoning as in (2.25), and using the notation V and T in the way

first introduced in (2.19).

Next, another useful result will be shown.

61(72) = ({91(1 — '1)2)71
270y = (1 — v?) " 20;°
— 7482'1}2
Oy = 1733.1)2
7 2 (2

1 o
= 57°0i(Gjrv’v")

1. . o
= 573(gjkvjaivk + girv" o’ + v g )

1 o
= 573(21}]'(91'1)] + U]Ukaigjk). (2.28)

Consider the term

2’Uj?ﬂ)j = 2Uj8ﬂ)j + QUjfgkvk
= 20,007 + v;57 (0iGrt + OkGii — NGk )"
= 20;0;07 + v'0* (0;Gr1 + Ok — O1Gir)

= 200,07 + vk ;g (2.29)
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Therefore,

Oy = 73Uj?ivj. (2.30)

Consider a shearless and expansionless fluid. From the expansion equation [11],

0=V, ut, (2.31)
using it in an ultrastatic spacetime,
=V, ut
= Vtut + Vzu’
= Vzu’
Oy AT, (2.32)

which arises from the usage of (2.25) and (2.27).
With the aid of the previous results, we will now calculate the shear tensor, given by
[11]
ot = %(P“pvpu” + PPV ut) — ﬁGPW, (2.33)

where

P = g +utu. (2.34)

As earlier, the tensor will be broken into its components, with
R t t t 1 tt
g = i(P pvpu + P pvpu ) — ﬁep

1 . _ .
= (9" + u'uP) o, u’ — 1 (V' 0y + V") (g" + ulut)

= (¢" + uluh) ot + (g% + ulu') Ot — ——— (V' Iy + YViv) (=1 +4?)

d—1
o toin.t 1—722', S
= u'utout + d_l(v&’y—i—”yvzv)
2 3

9 0 1 . ¥ 1 _ .
=00y + m(? — )00y + T 1(? - 1)Vpo'

7 2 j 7 2 =
:d_l(l—v —1+d-1) i7+d_1(1—v - 1)V

2 , 2.3
:dﬁy_l(al—l—UQ)vZ ﬂ—;jlvm, (2.35)



Conformal Fluid Dynamics in Ultrastatic Spacetimes 11

| , , 1 }
ot = f(Pt”VpuZ + Pvaut) - — 4P
2 d—1
1

i i i 1 . . ; ;
= Ll )T (g )] - (090 44V ) g )

1 . , y o 1 , _ .
= STV + (g9 + we)0jul) — ——— (907 + V00 (uu)

1 o o g o
= 5[ (0057 + 4V u") + (57 + 7M"0T)0)0] -

d—2 o 1 .. 1 ._
— ﬁ721}12}1 ﬂ+§g”8ﬂ+73(§vjvjvl—

1 . . .
71 (v1 9y + YV 07 )y

V'V 7)), (2.36)

1 ) , . 1 y
0" = S(PPV ) + PPV ) — -~ PV

(W*Oy + YV p0F) (7 + uiud)

1. . . ‘ ) ) ‘
= 5[(91’0 +u'uf)V,u! + (¢77 + W uP)V,u'] — T

1. A A A _ A _ - o
= 5[@" + 72" Vi + (g7 + 7M7) V'] — (05 Dy + AV *) (G 4 A20)

d—1
1. . . o . 4 . o
= 5[(@”“ + Y20 R) (V1 0y + YV v?) + (§7F + 70T 0R) (0P 0y + V)]

(vk&w + ’y@kvk)(gij + ’YQUivj)

d—1
1 o 1 . 1. 1. . 1_. . 1 .
= (5glkv] + §g3kvl ] lg”vk)aw +7(§Vzv] + §VW ] 1g”V’“vk)
d—2 ., . . 1., 1 . .. o
+ ﬁy%lv"vk@k'y + 73(§vzvkvkv3 + 51)]kaka . 1v’vjvkvk). (2.37)

Now note that

o d—92 .. 1 .. 1 ., - . 1 ..
Vot = — A% vk Oy + 207G R0y + 3 (20T Vet — ——0I V). (2.38)
d—1 2 2 d—1
We can now rewrite (2.37) in terms of (2.36), with the use of (2.38) with the following
result:
Uij_vio_tj+vjo_ti_d_22ijka L 5o ok
- Yo' vl v Oy + ' Vi
d—1 d—1
b G o k) 4 L (Tigd 4 iy
717 (v 8k'y+vvkv)—|—2(Vv + V7'). (2.39)
Given that the fluid is shearless, o# = 0. Applying this to (2.35) results in

. U2’Y _ .
19~ — V.0t 4
VO =0 Viv (2.40)
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Now utilising § = 0 (expansionless) with (2.32) and (2.40),

0 =0=0'0y+~Vv'
2

SR v PN v
=77 _UQVZ’U + Vv
d—-1 o
=~v(——) V0" 2.41
)T (241)
As fy(d - UQ) # 0, this implies that
V' = 0. (2.42)

Using the shearless property o*” = 0 on (2.39), and applying (2.40), followed by (2.42)

gives
0=0o" = _Zl:f’y?vivjd_”f_vkv + di 173vivj@kvk
d 1 1gij(d _2}127_ 2 Viv" + 7 Vieo®) + %(@ivj + V)
_ %(?ivj + Vi), (2.43)

from which we conclude that

Vil + Vivt =0, (2.44)

which is the Killing equation on the spatial sections.

We will now verify our results by working in reverse. If we start from the Killing

equation (2.44), we can extract (2.42) via
95 (Vi + Viv') = 2V’ = 0, (2.45)
while if we consider (2.30), mutiplying it by v' gives

’Ui Y = 73vjvi?ivj

= ?(’Ujvlvi’l)j + UiUJVjvl)
,.)/3
= & (i (Vo) + V7))
0

(2.46)
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This along with (2.42), applied on (2.32) allows us to conclude that
0 =00y + Vit =0, (2.47)
which tells us that a Killing flow is expansionless.

(2.42) and (2.46) then tells us by (2.35) that

2 2.3
tt 24 i vTy
=71 vV = G

V' = 0. (2.48)

Applying (2.46) and (2.42), then (2.30) to (2.36) results in

, d—2 o 1_;s 1 .-
ol = ——Z 429y + 5{?”8]-7 + (v Vjut —

A v
11 5 V'V, v7)

d—1

1 .. 1 . .
= 5!?”8]'7 + V3§Ujvjvz

1 .. _ 1 ._ .
= 73§g”vkvjvk + ’yg§vjvjvl
_ v ik RV
= ?(vkv v +v; V')
’y3 — . . — . .
= v (V! + V') = 0. (2.49)

Finally, applying (2.49), (2.46) and (2.42) to (2.39) gives

ol =

o2

(V! + V') = 0. (2.50)

(2.48), (2.49) and (2.50) tell us that a Killing flow is shearless.

We have now showed that a Killing flow on the spatial sections on the ultrastatic
manifold means it is expansionless and shearless, as well as vice versa. Note that this
result is independent of the fluid being conformal. As mentioned earlier, an equilibrium
fluid would be expansionless and shearless, due to entropy being constant in time.

This is a significant result, as it allows us to reduce the problem of studying and
classifying the various equilibrium fluid flows to that of the study of the Killing fields on
the spatial sections, due to this equivalence. This will be used to great effect in the next

chapter.

2.2.2 Relation of Pressure to v

Now, we will prove another result that would be used in the later chapters. For a conformal

fluid in equilibrium, the stress tensor has the form of (2.15). The pressure is constant with
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time, i.e. ;P = 0, and thus

V. TF =V, (P(dutu” 4+ g"))
= 0, P(dutu” 4+ g") + dP(u"V u* + vV, u”)
= O;P(du'u” + g") + dPu"V ,u”, (2.51)
where we note that
V,ul =Vl + Viu' =0 (2.52)
by (2.25), (2.27), (2.42) and (2.46).

Breaking up the term vV u”, we get

U“Vuut = u'V,ul = u'opu’

= '@y = y'dy =0 (2.53)
and

u'V ! = u'Viud = yot (v 0y + YVl

= 'y + V20 Vi) =420 Vi, (2.54)

with the use of (2.25), (2.26), (2.27) and (2.46).
Applying these on (2.51), it becomes

vV, TH = 0;P(du'u + g') + dPu"V ,u’

= du'u'd; P

= dy*0'9; P (2.55)
and

VT = 9;P(du'v’ + ") + dPu'V ,ul
= 0;P(du'v’ + ) + dPy*v'V 0!

= dy*v"I ;P + &P + APy V. (2.56)
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Since the conservation equation, V,T*" = 0, is obeyed, we conclude from (2.55) that
v'O;P =0, (2.57)

and thus from (2.56)
FP = —dPy*' V. (2.58)

Noting that from the Killing equation (2.44) we have
Vil = —Vivt, (2.59)
we then rewrite (2.58) with the aid of (2.30) into

;P = —dPy*v'V,v;
9P
P
0;InP = d’yQUiiji
dojy
N v
= d0jIn~. (2.60)

= d’yQUiiji

This implies that
P = Poy?, (2.61)

for some constant Py.



Chapter 3

Classifying the Different
Equilibrium Fluid Flows

In this chapter, we classify the different equilibrium flows on ultrastatic spacetimes. We
learnt in chapter 2 that Killing fields in the spatial sections are equivalent to equilibrium
flows. If a flow can be mapped to another via an isometric transformation, which preserves
the metric, the two flows are physically equivalent.

We denote the (continuous) isometry group of the spatial sections (X, g) as I(X), which
is a Lie group [12] with a corresponding Lie algebra denoted as i(X). The Lie algebra of
this group is given by the vector space of the Killing fields, with the Lie bracket of two
fields X and Y given by their commutator (as vector fields), i.e. [X,Y]=XY —-Y X. We

note here that the adjoint representation of field Y under field X is also given by
AdxY = [X,Y]. (3.1)

The group is related to the algebra via the exponential map

which maps X to the one-parameter subgroup parametrised by t it generates.

An isometry ¥ (in I(X)) can thus be written as

U = etiXi

Y

where {X;} is a basis of independent Killing fields and ¢ are parameters.

16
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Given that the flows we consider are Killing, mapping a flow X to Y via an isometry

U can be written as [6]

P!yt = Y, (3.4)

or

XU =, (3.5)

via differentiation with respect to t.

This means that the two flows X and Y are physically equivalent. Thus, to classify all
the different flows, we merely need to find the minimum set of flows that can generate the
full set of Killing flows via isometric transformations.

In this thesis, we will only consider ultrastatic manifolds with constant curvature in the
spatial sections in 2+1 dimensions, i.e. the 2-sphere, the 2-hyperbola and the Euclidean
plane. The unique flows will be found for each case via reducing the full set Killing flows

into the minimum set using isometric transformations.

3.1 Euclidean Plane

We first start with the Euclidean plane. The metric is simply
ds? = —dt® + da? + dy?, (3.6)

with all Killing fields in the spatial section made up of linear combinations of the following

three ones!:

R=—yo0, + xay, T = 8y, Ty = Oy, (37)
representing rotation and translations. Calculating commutation relations, we get
(R, T1] = (—y0y + x0y)0y — Oy(—y0y + x0y)

= —y0,0y + 10, + y0,0, + 0,0,y — 20> — 9

=0, =T, (3.8)

![6] has an inconsistency in the labelling of the independent Killing fields with respect to their commu-
tator relations. Their final result is accurate though.
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[R,T5] = (—y0y + 20y)0y — On(—y0y + x0y)
=~y + 20,0y + Y0,° + 0,°y — 10,0y — Oy
and
[Th, T3] = 0yOy — 0,0y = 0, (3.10)
remembering that partial derivatives commute.
Motivated by (3.5), we would like to work out the term
ea(m1T1+m2T2)Refa(mlTﬁerTg) (311)
with a a constant, and /(m!)% + (m?)? = 1.
Using the Campbell-Baker—-Hausdorff formula, we have
1 1
XYe X =Xy =Y + [X, Y]+ o1 1 PO YT+ 5[5 1 [ Y] + (3.12)
and working out the commutator relations between some terms, we get
[m'Ty +m?Ty, R] = —m!' Ty +m?>Ty, (3.13)
[ Ty +m2Ty, [m' Ty + m2Ty, R]] = [m' Ty +m>Ty, —m' Ty + m?Ty] = 0, (3.14)
allowing us to conclude that
ea(m1T1+m2T2)Re—a(m1T1+m2T2) — R+ a(—mlTQ + TTL2T1). (315)
Given the choice of
g 1 5 »_ B
a = -, m= = —_——, m- = —, ﬂ = Bl 2 + 62 2, 3.16
X : : E+ () (3.16)
we have
1 2 BB gt
R+a(-mTo+m"Ty) =R+ — (=T + =T1), (3.17)
w

B B
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which implies that for w # 0
eAa(miT+m21y) R — WR + BTy + B2y, (3.18)

i.e. as long as there is some rotation, all flows are equivalent to a purely rotating one

about the origin.

3.1.1 Pure Rotation

Such a fluid would have a velocity of
u = y(0 + woy) (3.19)

if we write in polar coordinates, with

v = \/1—1W (3.20)
The fluid will only exist at
r < i, (3.21)
|w]
due to speed of light considerations.
The energy momentum tensor would then be
™ = P3utu” + g")
0 Yw -1 0 0
=P[3{0 0 0 |+|0 1 0
Yw 0 Fw? 0 0 %
_372 -1 0 37w
=P 0 1 0 |, (3.22)
I 3V 0 37:;2
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given that
3202 + iz _ 372(,0272"2 +1 _ 2 (3w?r? 4—21 — w?r?)
r r r
Y2(2wr? +1) 423 —2(1 — w?r?))
3y2 -2
= , 3.23
> (3.23)
3.1.2 Pure Translation
A purely translating fluid would have the velocity profile of
u=y(0 + f0y), (3.24)
with
1
(3.25)

Y= s 5
where a change of coordinates via a rotation can bring this direction to any other purely
translating flow. The fluid would live on the entire manifold, and the only limitation is
that

B* <1, (3.26)

due to the speed of light.

The stress tensor is thus

T = P(3utu’ + ")

v B0 -1 0 0
=P |38 4?8 0| +|0 1 0
0 0 0 0 01

3v2—1 328 0
=P | 3728 3282+1 0. (3.27)
0 0 1

3.2 2-sphere

The metric is simply given by

ds? = —dt* + 12 (d6” + sin® 0dg?) (3.28)
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20C

FIGURE 3.1: From left: Visualisation of fluid flowing over the whole 2-sphere, only over

the polar region and only over the hemisphere. The region where the fluid flows is limited

in the latter two cases due to the speed of light limit. Each of these cases have a black
hole dual to it.

where a rotation can bring a Killing field to any other one, thus leaving only one distinct
case.
3.2.1 Pure Rotation

For simplicity, we take that to be Jy4, giving us a fluid velocity of

u = y(0 + w0y), (3.29)

with
1
1 — w2r2sin?0

The stress tensor then yields

TH = P(3ufu” + g"")

¥ 0 Fw -1 0 0
=P[3l0 0 0 |+]0 & 0

2 2 2

T'w 0 7w 0 0 r2sin?

37?2 -1 0 3w
) 0 1 0o |. (3.31)

2 3~v2—2
L 37 w 0 r2sinZ 6
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Speed of light considerations mean that
wr?sin? @ < 1, (3.32)

so the fluid will cover the whole sphere when |w| < %, or extend from the polar regions

from either pole when |w| > 1 to the line sin < @ The special case of |w| = 1 would

lead to the fluid covering half the sphere from either pole.
3.3 2-hyperbola
The metric of the 2-hyperbola is given by
ds® = —dt* + r2(d6* + sinh? 0d¢?). (3.33)

The Poincaré disk coordinates will be used to analyse the fluid flows, so a short intro-

duction will be given here. The Poincaré disk coordinates are
» 0 ; 0
z = € tanh > Z =e “tanh 2 (3.34)

noting that to transform coordinates we have

_ oot oa”

i = O Wg,uu' (3'35)
Working out the relevant information, we have
. .
= 2tanh~ ' vV2z, &= %m g sinh? 0 = ﬁ (3.36)
as well as
00 z 00 0 ' 0 '
_ 7 o __ =z 9 __t 9 _ 1 (3.37)

0z (1—z22)0Vzz 02 (1—z22)Wzz 0z 22 0z 2z
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Changing coordinates, we get

[00 90 90 o
gij _ 7‘2 0z 0z 0z 0z
00 0¢ 2 0o 09
5z o sinh®0 | |57 52
_ (@)2 smh2 8—2 90 4 gf gf sinh? 0
gz gz + Bz 82 ¢ sinh? 0 (a—g + (8¢) sinh? 0
272 01
S , 3.38
(1 — 22)2 10 ( )
with the metric of the ultrastatic manifold now
2 2 4r?
ds® = —dt 7d dz 3.39
s + e zdz, (3.39)

with all Killing fields in the spatial section made up of linear combinations of the following
three?:
R = i(Zaz — 262),
By = 5(1+2%)0. — 5 (14330,

1 1
By =(1- 22)0, + 2(1 — 2%)0s. (3.40)
These have the commutation relations:

[R, B1] = i (20 — 205) (;(1 +22)0, — %(1 + 22)@)
~ <;(1 +2%)0 — %(1 + z2)ag> i(20, — 205)
_ _% (2220, + 2220 — (14 22)0. — (1 + 72)0%)

1 1
= 50— 220, + (1= 72)0; = Bs, (3.41)

2[6] again has an inconsistency in the labelling of the independent Killing fields with respect to their
commutator relations. Their argument is thus somewhat modified here.
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R, By] = i(20, — 505 <;(1 — )9, + %( _ ), )
_ (;(1 _ )9, + %(1 - 22)63) i(20, — 20-)
- %(—222@ + 22282 C (1= 220, + (1 — 2)0%)

—%(14—2 )0 + = (1+z )0; = — By, (3.42)

(1 (1— 22 %(1 _ 3 ) (;(1+z2)az— ;(1+22>az>
(1 + 2%)(—22)0. — (14 2%)(—22)9: — (1 — 2*)220, + (1 — 2%)220;)

_
4
i( 420, +4205) = —R, (3.43)

where we note again that partial derivatives commute and are thus left out of the calcu-

lation to reduce clutter.

Now, consider the following term:

1
“B(WR+ BBy)e *F = wR + By — affB; — —aQBBg + 3531 + —a4532

1
— aoﬁ’ﬁBl — aoﬁﬁB2 + ﬂ0475191 + goﬁﬁB2 - ..

1 1 1 1

— wR+ BBy — 7042532 + —a4ﬁB2 — —of’ﬂBg + —'QS,BBQ — ..
—afiB; + BB — —a%Bl + o BBs —
=wR + B(Bg cosa — Bysina), (3.44)

using (3.12) as well as the Maclaurin series of sinz and cos z.

This tells us that a general linear combination of wR + B'B; + 2B, is physically

equivalent to one with just wR + 8Bs, so we do not need to consider B;. We now have

three cases, w? > 32, w? = B2 and w? < 2.
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3.3.1 Pure Rotation

Consider the next term:

_ 1 1 1 1
eXPrReXB1 — R — \By + aX?R — 5;(332 + IX4R — a><5L32...
_ L o L 4
L 5 1 s
_XBQ_ix Bz—ax BQ—...
= Rcoshy — Bysinhy. (3.45)
In the case of w? > 32, we can let tanh y = —g as we know that —1 < tanhy < 1.

This allows us to write

R
eXPr__—_e=XBi — R _ B,tanhy
cosh x

R
XBr LU xBi _ R BB>
cosh x
B B2 B
X w1 — — Re X7 = wR + BBy, (3.46)
w
with the help of the hyperbolic trigonometric identities zg;}ﬁ’; = tanhy and coslhx =

v/1 — tanh? y.
This allows us to identify flows with less translation than rotation as physically equiv-

alent to a flow that is purely rotating. Given that

a5 = z
R=i(z0, —20;) =i |* 97
9 99| | _~
0z 0z
0
= = 0y, (3.47)
1
the velocity profile of such a flow would be
u = y(0f + w0y), (3.48)

with
1

B \/1 — w2r2sinh? 0

Y

(3.49)



Classifying the Different Equilibrium Fluid Flows 26

Speed of light considerations tell us that this fluid only exists at

1
wlr
This leads to a stress tensor of
" = P(3ufu” + g")
0w -1 0 0
=P|3l0 0 0 [+]0 &% 0
’YQw 0 72(02 0 0 r2 siithQ
3?2 -1 0 3Hw
=P 0 L 0 (3.51)
2 3y2 -2
L 37 w 0 r2 sinh? 0
3.3.2 Pure Translation
Consider this:
_ 1 . 1
eXB1Bye™XPL — By — YR + 5;(232 — i><5R + IX4B? — axf’R...
1 1
=Dy + EXQBZ + IX4B2 + ...
I L 5
—XR—gx R—ax R— ..
(3.52)

= By cosh xy — Rsinh y.

When w? < 82, we can set tanh y = —%, giving us

B
BXBI ﬁeiXBl = —R tanhX + B2

B
eXBi cfshzx e XBr — WR + 8B,

2
B, [1— %Bge_xBl = wR + BB, (3.53)

which tells us that if the rotational flow magnitude is less than the translational flow, it
is physically equivalent to that of one with pure translation.

To rewrite the flow in a more convenient manner, we have the coordinates

X =sinhfcos¢, Y =sinhfsin¢. (3.54)
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The relevant information would be

Y
¢ = tan " 5 0= sinh ' vY2 + X2, sinh?6=Y?+ X2,

oo Y 99 X
0X  X2+4Y2 9y  X24+Y? (35
% _ X o _ v
0X JOI+XZ4+Y2)(X2+Y2) 0Y JOA+X2+Y2)(X2+Y2)
We now have the transformation
20 99 | 11 0 00 90
gij _ 7”2 0X 0X 0X oY
06 0 s 1.2 0\ o)
b6 59| |0 sinh?9| |22 20
2 1+Y?2 —-XY
_ 7°2 5 (3.56)
1+ X°+Y ~XY 1+ X2
giving the metric
ds? = —dt® + o (1 +YHdX?+ (1+X?)dY? - 2XYdXdY) (3.57)
1+X24+Y2 ' '
We now note that
X
20 = cosh 6 cos ¢, %qb = —sinh fsin ¢,
Y Y
%9 = cosh #sin ¢, ggf) = sinh 6 cos ¢, (3.58)
which allows us to find
i 9 { 9
By = 5(14—73 )82—5(1—1—2 )0z
i % % 1+ 22
T2 0o o _
sin ¢
= = sin ¢y + coth 6 cos p0, (3.59)
coth 0 cos ¢
_ % %% sin ¢
%—g % coth 0 cos ¢
0 0 ———————
cosh V1+ X2 4Y?
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1 2 1 -2
By =—(1—-2%)0,+ =(1 —z%)0z
2 2
g E |-
210 9 =
cos ¢
= = cos @0y — coth 0sin pOy (3.61)
— cothfsin ¢
_ %—)g % cos ¢
_% % = coth #sin ¢
cosh 6 V1I+X24+Y2
0 0
and
R = [BQ, Bl] = —-YOx + X0y. (363)

We comment in brief that this coordinate system is symmetric between the 2 coor-

dinates, and shares many similarities with the cartesian system, in terms of the flows.

However, the metric contains off diagonal terms.

We thus have our purely translational flow of

uz*y(@t—l—ﬂ\/l—i—XQ—FYQ@X),

with
1

T T+ Y?)
Note that the fluid will be bounded in the Y axis by

Y

—1,
due to the speed of light. This also means that this flow only exists when

1
6] < -
.

(3.64)

(3.65)

(3.66)

(3.67)
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The stress tensor is thus

T = P (3ubu” + ")

72 V2AVI+X2HY2 0 -1 0 0
=P |3 |y?BVI+X2+Y2 282 (1+X2+Y?) of +|0 £ XY
0 0 0 0o XY 1
3y2 -1 3728v1 + X2 + Y2 0
=P 328V + X2+ Y2 39232 (1+ X2 +Y?) + X XY | (3.68)
0 XY 14Y?2
L r2 r2

3.3.3 Mixed flow

In the case of w? = 32, we consider the transformation which swaps z and Z, resulting in

R — —R, Bl — —Bl, B2 — BQ, (3.69)

which means that the case of w = —f is related by an isometry to the case of w = § and
are thus physically equivalent.

We now introduce again another set of coordinates to suit this flow better, with

N )
A=In > __ B- G (3.70)

‘We now have

0A  —z(zz+i(z—2)+1) — (1 —22)(2 +1)
1)

oz (1—22)(zz24+i(2 — 2) + ’

0A  —z2(2Z24i(z—2)+1) — (1 — 22)(z — i)

0z (1—22)(22+i(z — 2) + 1) ’
OB -z -2iz+1 OB —22 +2iz+1

& a (ZZ—I—Z(Z - Z) + 1)27 E - (z2_|_2'(z _ 2) + 1)2' (3.71)
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Transforming our flow to new coordinates, we have

R+ By = (iz + %(1 —2%))0. + (—iz + %(1 — 2))0;

B % % iz+%(1—22)
98 92| |—iz+3(1-27)
0

_ = g, (3.72)
1

telling us that this mixed flow is purely in the B axis. We note that the metric can be

written as

(1-22)2 |0 1

27|, (3.73)

g7 =

in the Poincaré disk coordinates by inverting (3.38). Changing coordinates, we have

- 0A  9A dA 9B
P ki o B R
2r2  |oB 9B| |1 (| |24 9B
0z 0z 0z 0z
1|1 0
- = 7 (3.74)
r 0 62A
giving us
g 2|t 0 3.75
=, (375)
or
ds? = dt* + r?(dA% + e~ 24dB?). (3.76)
Thus the velocity profile of the flow is
u=y(0 + B0p), (3.77)
with
1
(3.78)

7= /1 — 527,26—2/1'
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The speed of light means that the flow only exists in regions where

1
—A
e < —. 3.79
ER (379
The stress tensor is given by
T =P (3uru” + g")
v 0 423 -1 0 0
=P|3l0o 0 o |+]|]0 L o0
VB 0 2B 0 0 <

(3.80)

| 3928 0 328+



Chapter 4

The Carter—Plebanski Class of
Black Holes

The Carter—Plebaniski class of black holes [13, 14] is given by the metric

dﬁ—f%f@hﬁﬂﬁﬂm+fwﬁ+iﬂf@%hﬂzﬂm—ﬁwﬁ (4.1)
with
P(p) = k + 2np — ep® — 2294,
QUa) =k + ¢+ ¢ — 2mg + e® — o, (4.2)

3

where e is the electric charge, g is the magnetic charge, while A is the cosmological constant.
The rest of the parameters gain different physical meaning in different situations.

This class is a general class of black holes, and contains the Kerr—-Newman-NUT—(Anti-
)de Sitter class of black holes in it. This class can be obtained from the the most general
class of black holes, known as the Plebariski-Demianski class [15], via a scaling limit by
taking the acceleration to zero. As we are dealing with Anti-de Sitter space (negative

cosmological constant), we can do the replacement

A=—= (4.3)

with ¢ taken to be a positive quantity.
The boundary of the metric would be given by taking ¢ — oo as well as making it

constant, and dropping off lower order terms (with respect to ¢). Noting that under these

32
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conditions

5 = 5 1T6 (4.4)

the boundary metric is

. 2 P Q
ds? — %dpz 4 q(f)(d7-+q2da)2 _ ;g)(dr—p2d0)2
2
= —Q(j?(z(l)dT2 + %d}ﬂ + (¢*P(p) — Q;g)p4)d02 +2(P(p) + Qq(g)pQ)dea
2 2
= %(—d’]’Q + %dp2 + (2P(p) — pY)do? + 2p*drdo). (4.5)

. L 2, .
Performing a conformal transformation g = 2—2 g"¥, the boundary metric becomes
2

ds* = —dr® +
P(p)

dp* + (?P(p) — p")do? + 2p*drdo. (4.6)

The Cotton tensor for this metric vanishes when n = 0. As the ultrastatic metrics with
constant curvature in the spatial sections are conformally flat (i.e. Cotton tensor vanishes),
we will only consider n = 0. Also, we will ignore charge, as a charged fluid will have a net
Lorentz force of zero and thus would not behave any differently from that of an uncharged

one [6]. Thus, for the rest of this thesis,
n=e=g=0. (4.7)

The holographic stress tensor [16] dual to the bulk containing the black hole [6] is

m

o —
82

(Bufu” + gM), (4.8)
with
ut =0, (4.9)

i.e. an stationary fluid on the boundary.
For the black holes dual to the fluid flows classified earlier, an appropriate additional
coordinate and conformal transformation of the boundary would be required to obtain the

necessary ultrastatic coordinates. This will be detailed later on in this chapter.
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4.1 A Classification via the quartic P(p)

P(p) is a very important quartic in the metric. P(p) needs to be positive for the metric to
be of the right signature, and the location and number of real roots determines the shape
of the horizon.

After setting n = 0 as stated in the previous section, we have

4

P(p) =k —ep” + 15, (4.10)

which is a quadratic in terms of p?. Thus, if the discriminant

4k
A=é— = (4.11)
is bigger or equal to zero, A > 0, the quartic can be rewritten as
L o 2
P(p) = 7" —ap)(p” —a-), (4.12)
with
EQ
ar = (et VA). (4.13)

We will now consider a classification of black holes via the various cases of P(p). When
the black holes are dual to the fluid flows classified in the previous chapter, they will be
discussed in depth.

4.1.1 Case 1: k>0, € > 2VEk/(

When
k>0, e>2Vk/L, (4.14)

then
A>0, VA<e ax>0, (4.15)

which means that P(p) has four real roots, with

P(p) = 30— VAo + &) e — a ) (p+ /). (116)
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P(p)
FIGURE 4.1: Plot of P(p) for case 1. The Kerr black hole lives in the centre region where
p is positive, with the roots corresponding to the poles marking the axis that the black
hole rotates about. The black hole dual to rotating flow on the polar regions lives in the
region on the right where p is positive if a > ¢, and on the left if a < —¢.
Now P(p) is positive for two ranges,
lpl > oy, Ipl < a—. (4.17)

4.1.1.1 Black hole dual to rotational fluid flow over the entire 2-sphere (the

Kerr—AdS black hole)

For the region |p| < \/a_, this actually corresponds to the spherical Kerr—AdS black hole.

We see this by rescaling to set a; = ¢? and defining a? := o_.

Taking the metric (4.1) and setting

) a? ¢
k= a*, e:1—|—€—2, T=t—ap, q=r, p=acosl, oc=-—-,
a

giving the metric

A, dr?  do? Agsin? 6
ds* = —— (dt — asin? 0dp)? + p? < - ) Sosn 7
p

A TR, p?

(adt — (r* + a®)d¢)?,

(4.18)

(4.19)
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where
2_ .2, 2 2 _ 2, 2 ﬁ _ 1 aj 2
p-=r"+a“cos®l, A, =(r"+a°)(1+ 7 2mr, Ag=1 cos“ 0.  (4.20)

62

This is simply the Kerr—AdS black hole [17]. We now extract the boundary metric,

- in2 4 a2
ds? = AT( <_1 + Mme) dt2 + pidQQ + (AG sin 0(,,42 +a2>2 _ a2 Sin4 9) d¢2

p? A,
Ay sin® 5
Ay

A A, A,

+ <2a sin? 6§ — a(r? + a2)) dtdqﬁ)

A, 2
== <—dt2 + i—cw? +sin? 0 ((2Ap — a*sin? 0) dg? + 2a sin? 9dtd¢>>
p o

2

= ﬁ; (—dt2 + : d6* + sin? 0 (52 — a2) d¢? 4 2a sin? Hdtdqb) .

Ag

After a conformal transformation,

£2
ds* = —dt* + A—d02 +sin® 0 (02 — a®) d¢® + 2asin® Odtds,
0

where we note that it can be obtained directly from (4.6) after setting (4.18).

We now transform via the following coordinates,

= t
cos@zcosHUA—g, @zE(ﬁ—i—Z—Q,

where

[1]
I
—

-

yielding

Ag

d3* = — (—dt* + £*(d®” + sin® ©dP?)) ,

—

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

which is a 2-sphere up to a conformal transformation. Note that the range of © is 0 <

O < m, which means the metric covers the whole sphere.

Performing a conformal transformation of

g;w — Q2guy —

(4.26)
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we have
ds? = —dt® + (*(d©? + sin® ©dP?). (4.27)

We remember that the fluid on the boundary is stationary with respect to the initial

coordinates (4.9), so transforming to the black hole coordinates,

u = 0;

[oe ot o] [
or OJp Oo

— oo o a0 |g
or Op Oo
2 05 00 |g
LOor Op Oo
1

= (0] = O, (4.28)
0

noting that % =1, % =0 and % = 0, which tells us that the fluid is still stationary in
these coordinates.
The associated stress tensor to (4.22) would thus be
e = (g 3utuY), (4.29)
8m(?
The fluid now transforms via (4.23) and (4.26) into

a

=0 lu=0" (at + 2

aq)) — (at + %&D) , (4.30)

where we notice that

A 1
Ol=y /2o - (4.31)
= 2
= \/1-%sin’0
We obtain the stress tensor associated with (4.27),
- 57 my® e
T = Q7°TH = ——(g"" + 3uta"), (4.32)

82
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where we make the identification of

3
my a
P =3Py = S W= 7= l, (4.33)

mapping it to that of the fluid flow on the 2-sphere, as seen in (3.31). This is a well known
result, as seen in [4].

We now note that a? < £, which is needed to maintain the signature of the black hole
metric (4.19) by keeping Ay > 0, or alternatively, because of the rescaling of the quartic
P(p) as mentioned at the start of this section. This requirement means that the fluid flow
is limited to

1
jwl < (4.34)

which allows the fluid to cover the whole sphere, as shown in (3.32).

4.1.1.2 Black hole dual to rotational flow on the polar region of the 2-sphere

In the region |p| > /&y, we set a_ = £? and define a® := a.

From the original metric (4.1) we now set
2 a? ¢
k=a* e:l—i—g—z, T=t—a¢p, q=r, p=acoshf, oc=——, (4.35)
a

yielding the metric

(adt — (1?4 a®)d¢)?, (4.36)

AT 2 2 Ay si h2
ds? = — = (dt — asinh® d¢)* + p? (d’” L% > Qg sinh”6

p A, Ay p?
where
2_ 2 2 2 (2 2 A _a 29 _
p°=r“+a“cosh”0, A, =(r*+a”) 1+€2 2mr, Ay = 7 cosh” 0 — 1. (4.37)

We note that this metric can also be obtained by the analytic continuation of 8 — 6
applied on the Kerr—AdS metric (4.19). Also, to maintain the signature of this black hole,
we need a? > £? to maintain the positivity of Ay, as coshf > 1.

Extracting the boundary metric, we now have

A, 02
ds® = = (—dt2 + A—dQQ + sinh? @ (a® — ¢*) d¢® + 2asinh® 0dtd¢> : (4.38)
0
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and then we apply the first conformal transformation,

2
ds* = —dt* + %d# + sinh? 0 (a® — (%) d¢* + 2asinh® Odtde. (4.39)
0

With a new set of coordinates,

. sinh 0 _ at
sin© = NV q)::(b_ﬁ’ (4.40)
where
_a?
the metric is now
A
ds® = 22 (—dt* + (*(dO? + sin® ©dP?)) . (4.42)
Note that ,
@ —1 h(6
0 sin® = (& ) cosh )3/2 (4.43)
(‘z—; cosh?(#) — 1)
and
inh 6
im S0 tanne= £ (4.44)
0—+o00 \/Ag 60— +o00 |CL| |CL‘

which means sin © is strictly increasing for 8 > 0, and that it limits to %', making the
range of © to be

/
0<O <sin! —

: (4.45)
lal
Performing a conformal transformation of
g = Qg = =g, (4.46)
Ag
we now have
ds? = —dt* + (>(d©? + sin® OdD?), (4.47)
which is again the 2-sphere, but this time only to © < sin™! %.
The associated stress tensor to (4.39) would be
T“V = W(gﬁ“’ + 3U/MUV), (448)
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with u = 0;, remembering (4.28).
The fluid transforms via (4.40) and (4.46) into

i=0"lu=0" (at - %aq,) — (at - gizaq,) : (4.49)

where we notice yet again that

A 1
Ol /2 — (4.50)

= /1-%sin?0
We now obtain the stress tensor associated with (4.47),

m’y3

TH = Q5T = o 0"+ 3u), (4.51)
where we make the identification of
3 m’YB a
As a® > (2, we have
1
lw| > o (4.53)

We have thus found the dual to the fluid flows along the polar regions on the 2-sphere

(3.31), that due to speed of light considerations, only flow till sin§ < ﬁ We note that the
constraint on the initial black hole metric (4.36), a® > £, manifests itself as the boundary
of the conformal boundary as well as corresponding exactly to this region in which the

fluid flow does not exceed the speed of light (3.32).

4.1.2 Case 2: k>0, e = 2‘/7E

When
k>0, = z*f, (4.54)
then
A=0, o=k, (4.55)
giving
Py — 1,5 2 1 2 4
(p) = 7z (p*—oax)” = 72 ((p+ Veax)(p — Vax))”. (4.56)

P(p) is now positive for all p except p # /ax = VIVk.
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4.1.3 Case 3: k>0, —2YF << 2vk
When
k k
k>0, —2{ <e<2\£, (4.57)
then
A <0, (4.58)
which implies that P(p) > 0 always.
4.1.4 Case 4: k>0, e= —2\/7E
When
k
k>0, €= —2‘5, (4.59)
then
A=0, ar=—-WEk, (4.60)
giving
1 2
P(p) = 7 (07 + 0VE) (4.61)
which is always positive.
4.1.5 Case 5: k>0, ¢ < —2YE
When
k
E>0, €< —2{, (4.62)
then
A>0, e<—VA, a_<ay<0, (4.63)
giving
1
Pp) = 50" = ap)” —a), (4.64)
which has no real roots and is always positive.
4.1.5.1 Black hole dual to translational flow on the 2-hyperbola
We can rescale to e = —1 — é% and define b? := k. Taking the metric (4.1) and setting,
2 k .
k=b", e=—-1——, 7=t4+bp, q=7r, p=bsinhb, (4.65)

0%’
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we gain the metric
ds? = — 2T (g1 + beosh? 9d)? + p° drt | 48 M(bdtf (r% — b2)d¢)?, (4.66)
o "\A T Ay p? o
where
2 b2
p? =72 +b%sinh? 0, A, = (r? - b?) <1 + ;) —2mr, Mg=1+4 5 sinh?6.  (4.67)
Extracting the boundary metric, we obtain
ds? = 2 (_ap €2d92 h? 0 (¢* — b*) d¢* — 2bcosh® Odtd
S_F —t+A—0 + cos (€7 — b%) d¢* — 2bcos tdo |, (4.68)
giving the conformal boundary metric
EQ
ds? = —dt* + A—dGQ + cosh? @ (£ — b?) d¢® — 2b cosh? Odtdg, (4.69)
0

where we see that £2 > b? is needed to maintain the correct (boundary) metric signature.

With the coordinates
coshf . _ bt = .
X = @Slnh<:¢—£2>, Y:”KQSIDhH’

b2
2

where

[1]

—1—

yields

A 2
i — <—dt2 + m(u +Y?dX?+ (14 X?)dY? — 2XYdXdY)> :

[1

Notice that

iY = 4+/4 — b? cosh(h) <1>3/2
do b2 sinh?(6) + 4 ’
and _ _ 2
Y2:Aisinh29:17€2b2 — ggrfooW:b—Q—l,

sinh? 0 + 2

which means that the metric only exists for

(4.70)

(4.71)

(4.72)

(4.73)

(4.74)

(4.75)
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Performing our conformal transformation of

P =% = =g, (4.76)
0
we get the metric we desire,
7.2 2 ¢ 2 2 2 2
ds” = —dt’ + ————— (1 + Y*)dX” + (1 + X°)dY? - 2XYdXdY), (4.77)

14+ X24Y?

which is the manifold of the 2-hyperbola, for the region of Y2 < i—z - 1.

Similarly, the holographic stress tensor of (4.69) is

T — %(gw + Sutu?), (4.78)

with u = 9;, where the results of (4.28) still holds for this black hole coordinates, which
becomes

B . 3
T = QS — %(gﬂ” + 3ahY), (4.79)

with

i=0'u=r <8t - g%\/l + X2+ Y26X> . (4.80)

We now identify

my3 _ A 1 b

27 - )
1l = / _%(1+y2)

making this black hole the dual of the purely translating fluid flow in the 2-hyperbola

r=24{, (4.81)

(3.68). Yet again, the region in which the conformal boundary exists matches exactly to

where the fluid exists, which is based on speed of light considerations (3.66).

4.1.6 Case 6: k=0, e >0

When
k=0, >0, (4.82)
then
A>0, ar=~Fe a =0 (4.83)
giving

p P’
P) =002 - o) = Do~ (Vo p + 1), (4.84)
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which is positive for |p| > ¢+/e.

4.1.6.1 Black hole dual to rotational flow on the Euclidean plane

We define a? := (?c. Now setting the following on the metric (4.1),

k=0, €= 4= p=aP, oc=-—-, (4.85)
a

we obtain the metric

A dr?  dP? Ap
ds* = == (dr + aP?*d¢)* + p* | — + —— | + —5 (adr — r?dg)* 4.
s p2(7'+a O +p AT+AP +p2(a7' rede)”, (4.86)
where
2=r24a’P% A =(r+ az)ﬁ —2mr, Ap= Cl—Zi’t’Z(P2 -1) (4.87)
P = 9 r — (2 9 P == £2 . .
The boundary metric is
2 Ar 2 P e a9 2
ds* = — | —dr" + ——dP” — a"P°d¢” — 2aP"drd¢ | , (4.88)
P Ap
and the conformal boundary metric is
52
d§® = —dr* + ——dP? — a*P*d¢* — 2aP%drd, (4.89)

Ap

where we note that Jy is actually timelike on the boundary. Another point of note is that
P? > 1 to maintain the signature of the metric, so the appropriate range is P > 1.

The new coordinates are given by

2

¢
T=1+ad, @:%, R=—V1-P7, (4.90)

providing us with the metric
d§* = P? (—dT? + dR* + R*d®?), (4.91)
which after the conformal transformation of

g;tu _ Q2§'U'V _ P—QQW/’ (492)
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leads to

ds’ = —dT? + dR? + R2d®?. (4.93)
As P > 1,

02 02

We now have the Euclidean plane, in the region 0 < R < %.

The stress tensor of (4.89) is the standard

T = 8:‘7@#” + 3ulu), (4.95)
with u = 0;, which becomes
_ . 3
T — QS — %(gﬂ“ + 3aY), (4.96)
with
=0y = (8 + %aq)). (4.97)
Identifying
3 my? -1 1 a
P:'Y P0:87T€27 ’Y:Q :P: . a2R2’ w:ﬁ7 (498)
Iz

we have now shown that this black hole is the dual to pure rotational flow on the Euclidean

plane (3.22), for the region where such a flow exists (3.21).

4.1.7 Case 7: k=0, e=0

When
k=0, =0, (4.99)
then
A=0, ag=0, (4.100)
giving
o
P(p) = 7 (4.101)

which is always positive except for p = 0.
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4.1.8 Case 8: k=0, e<0

When
k=0, e<0, (4.102)
then
A>0, a,=0, a_ =/ (4.103)
giving
_ P’ 2 2
P(p) =5 0" =~ ), (4.104)

which is always positive except for p = 0.

4.1.8.1 Black hole dual to mixed flow on the 2-hyperbola

For the above case, we can rescale to get ¢ = —1. Taking the metric (4.1) and setting
_ _ _ _ _ 9
k=0, e=-1, g=r, p=aP, oc=-——, (4.105)
a

we acquire the metric

A dr?  dP? A
2 r 27082 2 P 2 7\2
=—— P —+ — — — 4.1
ds p2(d7'+a do)* +p (AT+AP>+p2 (adT — r2dg)*, (4.106)
where
2 2 2 p2 2 (17 2 a® s
pr=r‘+a’P°, A, =r 5—2—1 — 2mr, AP:P(l_ﬁp)’ (4.107)
with P > 0. The boundary metric is
2 _ A AT I T 2
ds* = — | —=d7" + —dP” + {*P°d¢” — 2aP"drd¢ | , (4.108)
p Ap
and the conformal boundary metric is
62
ds? = —dr? + A—dzﬂ + 02P2%d¢? — 2aP%drdé. (4.109)
P

Introducing the coordinates,

Ap at

- (4.110)
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the metric can be rewritten as

A
di? = 175 (—dr? + (3(dA? + e 24dB?)), (4.111)

where a conformal transformation of

P2
G = QPG = — g, (4.112)
Ap
yields
ds’ = —dr? + (2(dA% + e 244 B?), (4.113)
We see that
1 1 a? 1. a? Y4
A=-In( = + — A>-In— —As = 4.114
2n<P2+€2> — >ghg = e >|a]’ ( )

which implies that this metric only exists on part of the 2-hyperbola.
The stress tensor of (4.109) is the standard

Y m-ow v
TH = 8777@# + 3utu"), (4.115)
with u = 0;, which becomes
a4 -5y m73 ~ v ~ L~V
with
=0 u=(0 - %85). (4.117)
Identifying
3 SN
3 m’}/ —1 AP 1 a
= = —— =0 = = =—— =/ 4.118
P Y PO 87T€2 ; v J2) ~ ﬁ672A ) ﬂ £2 3 r ) ( )
EQ

we have found the black hole that is dual to the fluid flow with identical amounts of
translational and rotational flow on the 2-hyperbola (3.80). As before, the region of the
final conformal boundary (4.114) matches exactly with the region in which the fluid lives

(3.79).
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4.1.9 Case9: k<0

When
k<0, (4.119)
then
A>0, VA>|e, ap>0, a_ <0, (4.120)
giving
1
P(p) = 550 +va)(p - Vai)(p? — Fa_), (4.121)

which is always positive when for |p| > ,/a;.

4.1.9.1 Black hole dual to rotational flow on the 2-hyperbola (the hyperbolic
Kerr—AdS black hole)

We can rescale by setting o = —¢? and defining a? := a,. Setting the following on the

metric (4.1),

a’ 10}

—, T=t—a¢p, qg=7r, p=acoshh, oc=-——, (4.122)
a

obtaining

(adt— (r*4+a?)d¢)?, (4.123)

A, dr?  do? Ay sinh? 0
ds? = ——2(dt+asinh2 0de)* + p* ( " ) SoSmR Y
P

A B, p?

where

2 2
p? =12+ a%cosh?d, A, = (r’+d? <_1 + 7”> —2mr, Ag=1+ 2 cosh®0.

02 02

(4.124)

This is the hyperbolic Kerr—AdS black hole [6]. The boundary would be

V Ar 2, P o a2, 2y oo 2
ds? = — | —dt” + Kd@ + sinh” 0 (> 4+ a*) d¢* — 2asinh”* O dt de | . (4.125)
P 0
After a conformal transformation,
62

ds* = —dt* + —db6” + sinh? 0 (¢* + o) d¢* — 2asinh?  dt do. (4.126)

Ag
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We use the following coordinates,

cosh@:coshH\/Aie, b =Z=¢— Z—;, (4.127)
where
- a?
2= 1—1—?27 (4.128)
yielding
2 _ A 2 2 2 s 12 2
d3* = — (—dt* + £*(d©* + sinh”® © d®?)) , (4.129)

—

which we then conformally transform with

1]

g = QP = — g, (4.130)
Ay
obtaining the 2-hyperbola
ds? = —dt? + (2(d©? + sinh? © dd?). (4.131)
Notice that
) ., 1+% 0
lim cosh?© = lim cosh?)——F—5—— = — +1,
f—o0 6—o0 1+ ;—2 cosh?f a
52
lim sinh®© = —, (4.132)
0— o0 a
which means that the range of © is given by
14
0<0 — 0§@<ﬂ' (4.133)
a
The associated stress tensor to (4.126) would be
N m .
THY — o (§" + 3uru”), (4.134)
with u = 0, using (4.28), which becomes the stress tensor associated with (4.131),
7 5 m73 ~ ~ i~
T = Qo = g 4 3arqy), (4.135)

8?2
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with

~ _ a

i=0"lu=1~ (& - ?26@) . (4.136)
We identify

3
5 my a 1 Ay 1
P=7"P grz’ 2R & \/; V11— w2r2sinh? @’ .

thus mapping this black hole to that of a rotating fluid in the hyperbolic plane (3.51). As

always, the regions in which both cases are valid match perfectly, as seen in (3.50) and

(4.133).



Chapter 5

~

A New Form of P(p): P(p)

At this stage, we have fully exhausted the different possibilities of P(p) in its current form,
and have constructed all the black holes found in [6]. However, two cases of fluid flow,
namely that of translating fluid on the Euclidean plane and rotating fluid on the 2-sphere
that completely covers a hemisphere, have not been mapped. The way to do so is to
introduce a new form of P(p), as detailed below.

If a rescaling and shift of p is conducted as follows,
p=1l+ap (5.1)

as motivated by Griffiths and Podolsky [9], where [ is the true NUT charge and a the
rotation parameter, as seen in the spherical Kerr black hole with p = acosf. If n = 0 is

still preserved, for the condition of conformally flat, we now have

(I + ap)*
72

1
=k — e(I® + 2alp + a*p*) + 6—2(14 + 4Bap + 612a%p? + 4la®p> + atpt)

4 43a N 61%a> N AP atp?
= k‘ — El2 + 672 + (62 — 2€al> P + (£2 — 6(12) p2 + £2 + £2 (52)

P(p) =k —e(l +ap)?® +

which (normally) does not change the physics in any way, as it is simply a mathematical
rescaling and shift. However, as we will see below, this changes when certain limits are

taken.

51
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Now, we note that from the metric (4.1), the term regarding the p coordinate changes

thus:

2 2 l ~\2 2 l ~\2 2
PG (a4 o ()4 o (5.3)

Pp) " T Pp) P(7)

which in other words,

P(p) = —5". (5.4)

Following Griffiths and Podolsky [9], we introduce the appropriate coordinates in the
Carter-Plebanski metric (4.1) to use with P(j), given by

2
p =1+ ap, T:%_(l—i—a)

d)a O=—— (55)

changing the metric (4.1) to

p*+ ¢ P(p)

ds* = P(p) W+ P2+ ¢ (d7 + ¢*do)® + szJ(rquz dg* — p?iq; (dr — p2do)?
- %)+ S+ 0 fig(fl il U 4y - Cagy?
T g B tar = 1
1+ apﬁ();)+ @ 4 - 525()152)+ (ad? = (U4 0 + ¢)do?
+ W@? - Mfé%(d% +(aF—1) +2F - 1))de)%.  (5.6)

We note that these coordinates were introduced in obtaining the Kerr—AdS black hole,

with the identification of p = cos 6, except with the added condition of [ = 0.

5.1 Case 10: k=ad% e=0, [ =0, then limit a = 0.

If we set

k=a? e=0, 1=0, (5.7)

we get

. (5.8)
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Thus
(5.9)
Set a = 0. We now have

P(p) =1. (5.10)

This is obviously a form that could not have been obtained under the previous classifica-
tion.

We note that if a = 0 was set first, then the coordinate p would simply disappear. The
values of (5.7) were also chosen to remove any term in P(p) with a in the denominator, so
as to prevent singularities when the limit a = 0 is imposed.

This is similar to the way the spherical Schwarzschild solution is obtained from the

Carter—Plebanski class, where we first obtain the Kerr solution, before setting a = 0.

5.1.1 Black hole dual to translational flow on the Euclidean plane (the
planar Schwarzschild—AdS black hole)

From the rescaled Carter—Plebariski metric (5.6), set
k=d*, €=0, p=az, ¢=y, q=r, T=t 1=0, (5.11)

then set a = 0, the metric is now

A, 2dr?
ds?® = —T—thQ + TAT + 72(dz? + dy?), (5.12)
where
A
A =Qq) = 7 2mpr. (5.13)

This is simply the planar Schwarzschild-AdS black hole [18]. We take the boundary at

infinity,
2

ds? —dt? + %(dz? + dy?)), (5.14)

r

becoming

d§* = —dt* + (*(da? + dy?). (5.15)
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Transform

X =tlx. Y =1y, (5.16)

obtaining

ds? = —dt* +dX* +dY?. (5.17)

The associated stress tensor to (5.17) is the standard

T (g™ + 3utu?), (5.18)

o M
82

with u = d,. This is dual to a stationary fluid on the Euclidean plane, with the argument

of (4.28) still holding true, with the identification
— = Po. (5.19)

Giving a Lorentz boost in the z-axis to the stationary fluid, we get

i = (0, + Box), (5.20)
with
= 7; (5 21)
¥ — 52. .
The stress tensor is now
Ty m,YS AUV ~ L~V
T = 8777(9 + 3ata”), (5.22)

where we used (2.61), identifying it with fluid with pure translational flow on the Euclidean
plane (3.27). This is a well known result [19] of a black hole dual to fluid flow, as it is the

most basic form of fluid flow.

5.2 Case 11: k = é—z — 2al, € = %2 — 2l—a, then limit a = 0.

Motivated by the earlier example, we now set

4 202 2aq
k *—2al, EZF—T,

=% (5.23)
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we get

N 202 2a\ , 4 43a 212 2a 3
P(p):€22al<€21>l+£2+(£22(£2l)al)p

61%a® 202 2a\ )\ .o A4ladp  atp?
+<e2_<£2_z>a>p e e

P <4l2a2 2a3> o Aa®p®  atp?

2 l

— + (5.24)

The quartic Q(q) becomes

4 212 2a 7
Q(q)zp—Qal—qu—|—<£2—l>q2 2
(q2 +l2)2 2a
= 2mq — 2al — qu. (5.25)
Now, if we use the values of (5.23),
= . P(p _ (A2 24 ,  4Alap®  a?p?
P(p) = a(f) = 45+ <€21a> P+ Zf +%. (5.26)

If we now take the limit a = 0, we have

. oA,
P(p) = 4p + 557" (5.27)
As before, this is missing in the original classification, and only appears with the
specific values set with (5.23) and the limit a = 0, and only in that order. The values of
(5.7) were also chosen to remove any term in P(p) with a in the denominator, but also to

retain a non-zero [.

5.2.1 Black hole dual to rotational fluid flow on a hemisphere of the

2-sphere
Setting,
_ N 1 2 2a
p:1/}7 q=r, ¢:C7 T:t+2l€7 k:ﬁ_2al7 62672_77 (528)
then @ = 0, as in the earlier discussion, (5.6) is now
A, 27,2 2 7.2
ds? = — 20 (dt + 20pd()? + 2 dr + 2 s + p*AydC?, (5.29)
p2 AT Aw
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where, using (5.25) and (5.4),

4

- A2
A, =Qq) = % —2mr, Ay=Pp) =4+ 6—21&2, p?=r? 412 (5.30)

To verify that this black hole has the correct metric signature, we note that

A,
gCC = pQAw — ?4l2¢2

4l2 4 4[2 2
= (w0 7 - (G- ) T

— dqpp? (1 n 2mgj2¢> : (5.31)

which means that the correct signature is displayed when

P
7 2mr, ¢ > 0. (5.32)

Extracting the boundary metric,

‘ g

" (dt + 21pd¢)* + QA‘w + p*AydC?
Y

p 1/)

ds® =

i‘s\% 3

(dt + 20apdC)? + + p*Aydc?

2 2
(—dt2 — Alpdtd¢ — 412¢2dg‘2 + ﬁ—dw + £2A¢d¢2>
P

NN

ﬁdw + 4£2¢dC2> : (5.33)
Ay

<—dt2 — AlpdtdC +

performing the conformal transformation,
£2

ds® = —dt®> — 4lpdtd¢ + A—de + 40%pd(. (5.34)
P

We now provide new coordinates,

2 l
V=1 tan? W, Z =2( — 7t (5.35)
which gives
dip = Zﬁ tan Wsec? WdW, d¢ = Liz 4 L (5.36)
=p an V¥ sec R =5 52 % .
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making the boundary
ds® = —dt® — 4lpdt Laz + L + ﬁd@zﬂ + 40%) Laz 4 L :
B 2 202 Ay 2 202
2 20 o 05 2 P
= —dt” = 2lpdtdZ — —-dt* + —dy° + (*1pdZ* + 2lypdtdZ + —+pdt
2 Ay 02
< r? o o 2
= — 1+w) dt® + —dy° + 0"ypdZ
02 Ay
=(1+ 1/J> —dt"+ —————dY* + ———dZ
4 4p(1+ 9)? (1+ 5v)
1 4
= —5 <—dt2 - %(dqﬂ + sin? \IJdZ2)> : (5.37)
where we took into account that
12 9 sin? ¥ 1 —cos? ¥ sin? ¥
02 ¥ = tan cos? W cos2 ¥ 1 —sin? ¥ (5.38)
and thus
2
cos? U = — sin? ¥ = Zﬂ;ﬁ ,
1+ =9 1+ z¢
12 cos? W 0? o 0?
T T g l—251n2\ll = ——F—. (5.39)
an W+ zv) 1+ zv)

This metric is simply the 2-sphere up to a conformal transformation. We see that ¥ takes

the range of 0 < ¥ < 7, due to (5.35).

The appropriate conformal transformation is thus

G = Q25" = cos® WM.

(5.40)
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This would cause the initial stationary fluid (again, note the argument of (4.28)) to trans-

form into
ut = 8t
ot o o] [y
ot oY o¢
= |o¥ 29¥ oV | |
ot oY  O¢
2z 9z 97| |
L Ot oY O¢
1
l
=0 [=a- o (5.41)
!
L 2
as
ot ov 07 l
Z =1 ==p0 Z==__ 5.42
o 7 ot ot 2 (542)
After the conformal transformation, we then have
= (5-Ls (5.43)
T cosU \ Ut @2 ) )

as a* = Q Lur.

Knowing that the velocity of a conformal fluid rotating on the 2-sphere we have

1
ut =50 + wdy) = Ot + wdy), 5.44
(@ 2 1 — w?r? Sin29( ' 2 ( )

thus allowing us to identify

o _ 1 l

r

The stress tensor associated with (5.34) is

T — 8:‘7@#” + Sutu?), (5.46)

with the stress tensor transforming to

3

T = %(gﬁ“’ + 3@k, (5.47)
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where we identify again

3
8702 P Yy 770. (5.48)

This covers the case of |w| = % that is missing in [6] on the 2-sphere (3.31), and is a
new result.

This corresponds to a fluid that exist only on one hemisphere, with the fluid approach-
ing the speed to light as it gets closer to the hemisphere (3.32). This corresponds perfectly
with the range the boundary metric is valid after the coordinate and conformal transfor-
mation.

One might argue that this case is a limit of the black hole dual to the polar region
on the 2-sphere (4.36), but we note that the constrain of a? > £? is a strict inequality for
(4.36) to retain its signature.

This black hole is a new solution that requires further study. It contains a non-zero
NUT charge I, but the parameter that closely associated with it is set to n = 0. We also
have [ being related to the angular velocity of the fluid w, a role that is usually related by
a. However, in this special case, the angular velocity is fixed with respect to the geometry
of the manifold, which in this case is also related to [, which in other cases were only

related to the cosmological constant £.

5.3 Remarks on P(p)

It is clear that for this ]5(15) to be more than just a trivial shift and rescaling of P(p),
there needs to be a limit of @ = 0. If the NUT charge | = 0, we note that P(p) = 1 — p?
and P(p) = —1+ p? corresponds to the spherical and hyperbolic Schwarzschild-AdS black
holes respectively, and can be obtained from their Kerr versions by setting a = 0.

The limit of a = 0 means that the p* = a*p* term in the original P(p) will vanish
unless we impose #2 oc a?, which is undesirable, as it means an infinitely large (negative)
cosmological constant.

The relation between the true NUT charge [ and the parameter n was clarified in [9]
for standard compact black holes. However the relationship is still unclear with respect
to extended black holes. The standard NUT charge leads to closed timelike curves [17],
and is thus generally an unwanted parameter. In case 11, we have constructed a black
hole with a vanishing n but a non-vanishing [, which does not occur in the standard NUT

solution [9]. This deserves further study.
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Conclusion

We now have a complete classification of the black holes (in 3+1 dimensions) dual to fluid
flows on ultrastatic manifolds (in 2+1 dimensions) with constant curvature on the spatial
sections. This was done by first constructing a proof that equates equilibrium fluid flows
to Killing fields. Next, this proof was used to classifying the various fluid flows. Finally,
the black holes that are dual to the flows were constructed from the Carter—Plebanski class
of solutions.

The previous classification [6] lacked the black holes dual to two fluid flows, namely,
that of purely translating fluid on the Euclidean plane (which was mentioned but not
elaborated on) and rotating fluid on the 2-sphere that completely covers a hemisphere.
While it is true that the purely translating fluid on the Euclidean plane is well studied
in the context of of gravity/gauge duality, it could not be identified in the context of the
classification via the quartic P(p) of the Carter—Plebanski Class.

In order to identify it, a scaling limit to obtain P(j) was required. This scaling limit
was then also used to identity the black hole dual to rotating fluid on the 2-sphere that
completely covers a hemisphere, which is a new result.

This thesis has thus provided a new entry into the “dictionary” of gravity/fluid, as
well as providing an insight of how the quartic P(p) in the Carter—Plebanski Class affects
black holes, in the context of AdS, where black holes with different geometry from that of
the standard spherical ones exist.

It would be interesting to further study the Carter—Plebanski Class via the rescaled
]5(15) Further classification of all the possible cases of 15(]5) could be attempted. It
might also be interesting to relax the condition n = 0, allowing us to map to fluids on

non-conformally flat manifolds. It would be interesting to see what fluid the Taub—-NUT
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metric is dual to. Another possible extension would be to extend to higher dimensions,

with the 4+1 dimensional black holes dual to 341 dimensional fluid flows the one of most

interest.
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