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Abstract

Quantum master equation (QME) is an important concept for open
quantum systems. Different types of quantum master equations are
developed to described the non-unitary time evolution of systems that
are coupled with environments. Due to the complexity of the gener-
alized exact master equation, a possible simplification is to perform
perturbative treatment. However, the perturbative treatment has lim-
ited ourselves into the weak coupling regime. In moderate or strong
coupling regime, higher order master equations should be considered
that have a high analytical and numerical complexity. One possible
attempt to avoid such complexity is to perform analytic continuation
techniques (AC) to the Redfield master equation (RME) and hence
to obtain a modified Redfield solution (MRS) of the second order
reduced density matrix (RDM). As compared to a common treat-
ment that preserves a zeroth order accuracy to RDM, the modified
Redfield solution so far gives exact results to second order RDM for
quantum harmonic oscillator model and spin-boson model connected
to bosonic baths. In this thesis, the modified Redfield solution is
generalized to fermionic systems and the exactness of the solution is
discussed. A comparison is also done against other types of master
equations including the Redfield master equation and the Lindblad
master equation (LME). The result gives an overall picture on how
different master equation approaches behave in a varying coupling
strength. The validity of using various master equations for transport

problems is discussed.
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CHAPTER

Introduction

The development of quantum mechanics in the last century has provided us a
brand new perspective of the microscopic world. The studies on microscopic and
mesoscopic phenomena would no longer be constrained in the classical regime
and the quantum features of many phenomena are revealed. At an earlier stage,
the elementary studies usually focus on isolated system in quantum mechanics as
a natural generalization and correspondence of classical mechanics. However, the
interaction between the system and the environment are overlooked for isolated
systems while there does not exist an ideal isolated system in reality. Typical
problems with contributions from the system-environment interaction lie in a wide
range of topics in physics such as mesoscopic transport [8], quantum information
[10], optics [4, 3], etc.. The system-environment interaction plays an indispensable
role in such scenarios. This type of system is often known as an open system
as a contrast to an isolated system. Particularly, when the system of interest is
extremely small such that quantum mechanics plays an essential role, it is named
as an open quantum system [2, 28, 20]. The environment is often called a bath

or a reservoir and is considered equilibrated.

For an open quantum system, the energy and particle transfer capture the
nonequilibrium features of such a system. These features can be captured via a
reduced density matriz (RDM) [1] that can be viewed as a quantum counterpart of
the classical phase space volume density. RDM is often defined by the taking the
partial trace over the infinite degrees of freedom of the environment to the total

density matriz that includes both the environment and the system of interest. It
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naturally turns out that the key problem to be tackled in such a system is to
find the RDM that contains all information of the system of interest. Therefore,
the computation of the non-trivial nonequilibrium RDM is our primary target.
Different approaches have been formulated to evaluate the RDM. The common
approaches are grouped under an umbrella term known as quantum master
equations. While the exact quantum master equation [17, 30| is often difficult to
solve even with numerically exact approaches, perturbative treatments are often
used in the weak system-bath coupling regime. It can be systematically extended
to moderate coupling by taking into account higher order contributions [24, 11].
One commonly used perturbative master equation is the Redfield master equation
(RME) [19] that resort to only the weak coupling approximation. Lindblad master
equation (LME) [15, 7] is another widely used master equation that imposes an
additional secular approximation to the RME. LME can also be formulated using
quantum dynamical semi-group in a more mathematically rigorous way. LME is
also known as the Lindblad form that is trace-preserving and preserves complete
positivity. However, despite the long history that the RME has been formulated,
the accuracy of RME has only been discussed in very recent years [6, 16]. It is
found that the RME does not give an accurate result in steady state with a naive
assumption that the second order density matrix solely depends on the second
order relaxation tensor. To obtain the correct result up to second order, higher
order relaxation tensor is required. Such higher order calculations are extremely
tedious [24]| and are difficult to be generalized. In order to circumvent these
problems, the analytic continuation method (AC) |22, 23, 21] is proposed by J.
Thingna et al. to obtain the RDM correct up to second order without calculating
the higher order relaxation tensors. The AC method has been demonstrated on
quantum harmonic oscillator and spin-boson model with bosonic baths. Thus,
it would be interesting to investigate the validity of this method on fermionic

systems.

In this thesis, by using the analytic continuation technique, a modified solution

to the Redfield master equation is proposed for fermionic systems. Our approach
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is demonstrated on spinless single quantum dot (SQD) model and spinless double
quantum dot (DQD) models. We check the accuracy of the form of the second
order RDM obtained via AC for fermionic systems against the nonequilibrium
green’s function (NEGF) method [5, 27, 9]. The results are also compared
with RME and LME. Such comparison would provide an overall picture on the

adequacy of determination by using various master equations.

This thesis is structured in the following way. In chapter 2, an introduction to
reduced density matrix formalism used in open quantum system is given. For
quantum master equation approaches, we present a microscopic derivation of
Redfield master equation and Lindblad master equation. The nonequilibrium
Green’s function approach is briefly discussed. In the end, we present an accuracy
comparison scheme. In chapter 3, the accuracy issue with RME is discussed and
the modified Redfield solution is obtained for fermionic system via the analytic
continuation technique. In chapter 4, we propose a single quantum dot model
and two types of double quantum dot models to examine the exactness of the
modified Redfield solution using the comparison scheme introduced in chapter
2. The exactness is checked against NEGF. In chapter 5, the modified Redfield
solution is compared against other master equations including RME and LME.

In the end, we present the conclusion in chapter 6.
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CHAPTER

Reduced Density Matrix Formalism

2.1 Overview

The quantum master equation could be in general regarded as a first order
differential equation that describes the time evolution of the reduced density
matrix. The probabilistic nature originates from the physical stochastic processes
possessed by the system of interest due to the inaccessibility to the complete

knowledge of the environment.

Classically, master equations could appear in the forms of Boltzmann equation,
Fokker-Planck equation, etc.. Such master equations give a complete description

of the probability density function that defines the property of the system.

In quantum mechanics, the probability density function concept in phase space
is replaced by the reduced density matrix. For open quantum system, the
total density matrix would be describing both the environment and the system.
Moreover, the bath as an environment should be an infinite bath to maintain
equilibrium which has infinitely many of degrees of freedom that makes the
problem unsolvable. The RDM is obtained by coarse graining (tracing out) over
the infinite degree of freedom of the environment. The equation governing the
evolution of such a RDM is known as a quantum master equation in the theory
of open quantum systems. QME help retain the crucial bath information of the

environment without increasing the complexity beyond the system Hilbert space.

In 1928, Pauli has given the first quantum master equation known as the Pauli
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master equation or rate equation [18] that is used to describe the occupation
number in weak coupling. Redfield in 1957 developed a master equation [19]
that describes the environment-spin interaction for nuclear magnetic resonance.
The Nakajima—Zwanzig master equation is formulated by Nakajima in 1958
[17] and by Zwanzig in 1960 [30]. It is also known as the generalized master
equation that preserves a form of integro-differential equation. In 1976, Gorini,
Kossakowski, and Sudarshan proposed an alternative QME [7]| by using quantum
dynamical semigroup formalism for finite dimensional Hilbert space. In the
same year, Lindblad provided a deep mathematical understanding [15] to the
structure of this QME and showed that it preserves positivity. In general, all
the perturbative second order master equation can be obtained from the RME
by imposing appropriate approximations. For example, the Lindblad master
equation is obtained by imposing the secular approximation on the Redfield
master equation. In the case of the Pauli master equation, only the diagonal

elements are taken into account.

In this chapter, a general introduction to density matrix and the reduced density
matrix is given. A general setup for open quantum system is formulated. We then
present a microscopic derivation of the RME. Based on the derivation for RME,
the LME with an additional secular approximation (also known as rotating wave
approximation) is formulated and we compare it with the quantum dynamical

semigroup formalism for the Lindblad form.

2.1.1 Reduced Density Matrix

The density matrix formulation [14, 26] developed in 1928 generalized the descrip-
tion of quantum mechanics from the wave function based description of isolated
systems to open systems. For open quantum system, the system of interest
is always coupled with the bath. The total density matrix for the bath and
the system that form a composite isolated system seems to be able to obtain in

standard treatment for closed systems. However, the size of the bath is considered
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as infinitely large and the total density matrix would essentially not be a suitable
quantity to study the system of interest. Therefore, the degrees of freedom of the
bath have to be coarse-grained over. The resultant form is the reduced density

matrix defined as

p = Trp(prot) - (2.1)

This trace-taking process is known as the partial trace over the infinite degrees
of freedom of the environment or the bath. The total density matrix p;o is
a composite form for the system of interest, the baths, and the system-bath

interactions.

Such total density matrix ps: can be defined as
prot =Y pilt) (Wil (2.2)

where p; is the probability of the normalized state |1);) that belongs to the total
Hilbert space including both the system and the bath. The sum ), p; = 1 and
|1;) is in the Hilbert space of the system of interest. In general, the state |1);)
does not need to be orthogonal. RDM yields a similar definition except that it
will be defined by the normalized state |¢;) that belongs to the Hilbert space of

the system only.
The key properties of the RDM can be summarized into the following points:
1. Hermicity: pf = p.
2. Normalization: Trg (p) = 1.
3. Positivity: (¢;| p|oi) > 0.
4. Purity : Trg (p?) < 1.

Hermicity is required for common quantum mechanics operator. Normalization

and positivity arise due to the probabilistic nature of the density matrix. The
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last property give us a good indication for the purity of state. In general, pure

state will give us Trg (p2) = 1 and mixed states would give us Trg (p2) < 1.

It is necessary to clarify that in many other contexts the above mentioned density
matrix is often named as density operator and the matrix form of the density

operator is then regarded as density matrix in different representation.

What we really concerns is the system of interest, the observable of the system
would be defined by (A) = Trg (pfl) that is solely related to the RDM. The
observable of the composite system can be calculated from the density matrix
(A) = Tr (ptotfl). However, since the bath is usually considered as infinitely
large, such observable would often be meaningless to discuss. For example, the
energy and the number of particles of the composite system would be infinitely

large.

2.1.2 Generic Setup for Open Quantum System

For an open quantum system, the total Hamiltonian reads
Hiw = Hs+ Hp+ AV, (2.3)

where Hg is the Hamiltonian for the system of our interest, Hp is the bath
Hamiltonian. V is system-bath coupling Hamiltonian with A denoting the coupling

strength.

The bath Hamiltonian Hp is often regarded as infinitely large. The bath could
be describe as an equilibrium distribution characterized by a fixed temperature
T and a fixed chemical potential p. The bath can be chosen to suit different
requirements in transport problems. For example, the bath can be chosen as an
electronic bath or harmonic oscillator bath. The coupling term can often be cast

into a general form

V=)V, =) ) St®Bg, (2.4)

o 4,a=1,2



Chapter 2. Reduced Density Matrix Formalism 9

where « indicates the type of system operator and ¢ indicates the position of the
baths with respect to the system of interest. The baths Hamiltonian would then
have the form Hgp =) H,.

For example, for a single quantum dot coupled with two baths, we have

st = 4, (2.5)

5?2 = d, (2.6)

B; - ZUIWCLU, (2.7)
ko

Bg = Z’U]:ackav (28)
ko

and the form of coupling writes V =V, +Vr = >, vdecLL+ZkR kadc};R+h.c.

with v as the tunnelling strength.

2.2 Quantum Master Equation Approach

2.2.1 Redfield Master Equation

Given the total Hamiltonian as Eq. (2.3), the time evolution of the total density

matrix is given by

Ptot (t) = Uu (t’ 0) Ptot (O) Z/[T (tv 0) . (29)

The time evolution operator then takes the form

U(t,0) = e et

— e*i(HQ‘F)\V)t (210)

)

with Hy = Hg + Hp. Throughout this thesis, h and kp are set equal to 1.

Obtaining the total density matrix Eq. (2.9) exactly is a cumbersome task due

to the presence of system-bath coupling term V. In order to make the problem
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tractable, we use the Kubo identity given by Eq. (2.11) [See Appendix A for

detailed proof]| to perturbatively expand over the coupling as shown below.

The Kubo identity [13] has the following expression

eu(A—H;’) — 6VA |:]1+/ dTefTABeT(A—l-B) , (211)
0
By identifying
B = —i\V, (2.12)
A = —iH,y, (2.13)
v = t, (2.14)

the time evolution operator of the total density matrix has the form

U-LO) = U (t0) [n—u /O Ll royvu o)), (@2a5)

with Up (t,0) = e~ ot

By substituting U (¢, 0) recursively into above equation and keeping the terms up

to second order coupling, the time evolution operator can be written as

U (t,0)
~ U (t,0) [n —i)\/othV (1) — A2 /Ot /OT drdr'V (r)V (')
= Uy (t,0)U (t,0), (2.16)
where
V(r) = Ul (r,0) Vi (r,0), (2.17)

U (t,0) = n-m/ drv (r )\2// drdr'V (r)V (7). (2.18)

Eq. (2.9) depicts the time evolution of density matrix in Schroedinger picture
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where as Eq. (2.17) represents the time evolution of operator in interaction
picture. The term Uy (¢,0) represents the effect on the time evolution of total
system due to of system-bath coupling. By doing so, the final form of RDM could
be maintained in Schroedinger picture. An alternative derivation that works in

interaction picture for the RDM can be referred to [2].

Now we consider the time evolution of the total density matrix pio (t) =
d (U (t,0) pot (0)UT (2, O)) / dt, by applying the perturbative time evolution oper-

ator Eq. (2.16). Thus, in the weak system-bath coupling regime, we obtain

ptot (t) = —1 [Ho, Ptot (t)] — @A [V> ﬁtot (t)]

a2 /0 47 [V ror (£),V (7 — )], (2.19)

with pior (1) = el p, s (t) e~*H0! known as the evolution of the total density

matrix in the interaction picture.

However, we are interested in the reduced density matrix which is p. This could

be done by performing partial trace with respect to the bath degrees of freedom

Trp [prot ()] = %TTB [ptot ()]

= %p (t). (2.20)

During the trace-taking process, we have assumed (B), = 0. The immediate
consequence would be that Trp ([V, ptor (t)]) = 0 as Trp (Bpp (t)) = 0. We take
the liberty to have such a assumption due to the fact that a nonzero (B)g
would only provide an energy shift to the total Hamiltonian. A new system-bath
coupling can be defined by V =S ® (B — (B) ). This assumption is known as

centering of baths.

Together with the decoupled initial condition that per (0) = p(0) @ pp (0) and
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Born approzimation that pp (0) ~ pp (t) one can find that

d[zh(f) = —i[Hg,p(t)]
—Z/t dT{[SaaSVf (r —t)ﬁ(t)} CoP (t —7) +h.c.}, (2.21)
cag” 0

where C®% (t) is the bath correlation function defined as <§a (t) B? (0)> The

coupling strength term is absorbed in the spectral density of the bath correlation.

The decoupled initial condition assumes that the system-bath coupling is only
turned on at time ¢ = 0. Such condition would provide us a time reference that
we can start to take account the effect of system-bath coupling. It is not a strict
condition as it is always possible to manipulate the system or the bath such
that no system-bath coupling exist at a point of time. The Born approximation
assumes that the bath is always relaxed as the relaxation time of the bath is
always much shorter than the time evolution scale due to the bath’s infinite size

and its pre-assumed equilibrium condition.

A further approximation is made that p(t) = p(t) due to the weak coupling

condition. This allow us to rewrite Eq. (2.21) as

PO it o)
_Z/th{[Sa,éﬁ (r=0)p®)] €27 (t =) +he ). (222)
oap 0

The above equation is known as the Redfield master equation [19]. The first term
describes the free evolution of the Hamiltonian and the second term describes

the dissipative features of bath on the system due to system-bath interaction.

In the energy eigenbasis of the system, the above equation can be rewritten as

d . :
%an = _ZAnmpnm + ZRngzja (223)
i’j

where A;; = E; — E; with E; denoting the ith eigenenergy of the system and
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Ry, known as the relazation tensor

R = L3S, (el +wens)

m]ZS (SPW el — 5m S W (2.24)
Above W is defined as
8 LA
Wil = [ areisesi @), (2.25)

with the real part of W known as the transition rate.

We denote
W = Re(W5h), (2.26)
wyet = (Wil (2.27)

The function I'(e) is the spectral density. The detailed calculation of W and the
bath correlators can be referred to Appendix B where we assumed electronic
baths with a Lorentzian spectral density. The evaluation the transition rate Wofff

would allow us to obtain an important condition which is known as the detailed

balance condition for fermionic systems

Wa%]l' — fG (6> T07 ,UU) (2 28)
W;%? 1_fU (EaTaaﬂa)’
with
I/V,l2 — EI‘ .. T 99
otj - 2 [ex¥] (E)fa'(€7 0'7/110')7 ( . 9)
/ 1
Wagjl = iroij (E) [1 - fU (57 T07 ,UU) i| . (230)

The detailed balance condition describes the equilibration of a process due to its
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reversed process occurred for equilibrium bath in steady-state.

In steady state limit, that is, if we assume the system will reach steady state
after evolving for a sufficient long time, the reduced density matrix would no
longer be time dependent in the limit ¢ — oo. Hence, we claim that dp/dt = 0
in steady state and Eq. (2.25) can be rewritten as

ij

t .
wes  — / dre— i (t=7) caB (t—1), (2.31)

—00

such that the system-bath coupling is switched on at —oco and a steady state is

reached at t.

With the condition that dp/dt = 0, we would be able to solve the RME as a linear
algebra problem. As mentioned in the introduction, the solution of the RME
provides a solution that is accurate up to zeroth order. A detailed explanation

would be presented in the next chapter.

2.2.2 Lindblad Master Equation

The other well-known master equation is known as Lindblad master equation
[15] (also known as Gorini-Kossakowski-Sudarshan-Lindblad equation [7]). The
LME can be formulated by using quantum dynamical semigroup. The dynamical
map to the reduced density matrix from the its initial state and a fixed state
preserves the semigroup property. The final form of generator of the dynamical
semigroup is usually known as the Lindbald form or the LME. By adopting
the quantum dynamical semigroup formalism, the trace-preserving property and
complete positivity can be easily viewed. However, despite the fact that the
formalism is mathematically rigorous, such form does not provide us with a clear
physical picture. A more physically friendly yet not so general approach can be
achieved by performing secular approximation to the RME. A general method
by performing secular approximation is given in [2|, we reproduce its derivation

and show that it is equivalent with the Lindblad form in the Appendix. An



Chapter 2. Reduced Density Matrix Formalism 15

alternative approach [29] could be done by considering a rotating frame.

In the rotating frame, the density matrix pnm, (t) = ppme **»m*. The RME

followed from Eq. (2.23) in its energy eigenbasis could be represented as

/Onm Z anﬁl] m— Rt (2-32)

The secular approximation requires all the terms e!(Anm =2t with A, # Ay
averaging to zero. As such, only A,,, = A;; remains and the Lindblad form

could be represented as

dpnn
= 315 2.
p7 ZRmp (2:33)
d nm .
Zt = —iDpmprm + R D, (2.34)

with R]™ only contains the real parts of the transition rates.

The term (A, — Aij)_l with App, # Aj; defines the time scale 7g for the
intrinsic evolution of the system which is large as compared to the system’s
—Aqj)t

relaxation time 7. Hence the terms e!(2nm are highly oscillating during

the time scale on p.

However, the above forms would be not so clear to give a direct connection to
the Lindblad form below. We shown in Appendix C an alternative way which

has a clearer connection to the Lindblad form.

The Lindblad Form obtained by quantum dynamical semigroup |2, 15, 7| is given

as

-1
. 1 1
— =Lp=—i[H, p]+ Vi (AkpAZ; - §A2Ak/} - 2PALAI<:> - (2.35)

i
I
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2.3 Nonequilibrium Green’s Function Approach

Nonequilibrium Green’s function approach is another powerful tool in dealing with
nonequilibrium many-particle problems. NEGF is also formulated to calculate
the RDM |[5]. The RDM formalism for fermionic system using NEGF is briefly

discussed below.
We still adopt the Hamiltonian for the generic setup introduced in Eq. (2.3).

The steady-state two point-correlation matrix is defined as

s - (),
— Trs (pdd; )

— Tr (ptotdjdj) . (2.36)

For a quadratic Hamiltonian, the correlation matrix D can be calculated exactly.

By representing the correction matrix using the following Green’s functions

1
Gt = H s (2.37)

The correlation matrix D can be cast into the form

by = (),

_ 1 mdgz[(GJTU(5)G_)jifg(5,Ta,ua)}, (2.38)

27 J_ o =

where f, is the Fermi-Dirac distribution [eﬁa(s*“") + 1] ! with B, =T, L

¥F (¢) are known as the retarded (+) or advanced (-) self-energies of the bath at

g

o and is given by

SE ) = V,gtvi (2.39)

g o)

where g* are the surface Green’s function of the baths given by g¢F (¢) =
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[5 + “7 - Ha]_l

I'; (¢) known as the spectral density of the bath at ¢ and is defined by

Io(e) = i(Sf-%;). (2.40)

Due to the system-bath coupling, this matrix would possess off-diagonal elements
and we could define a new sets of fermionic operators by diagonalizing the D. The
diagonal elements of the new diagonalized matrix A as );. The transformation

reads UTDU = A. The new operator would then take the form

> Ui (2.41)
l

Recall the form of a fermionic occupation number with energy ¢;

exp (—fe;)
[17 1+ exp (—Bei)]

n (&) (2.42)

We could write down an effective Fermi-Dirac distribution for each fermions s

N exp | —asds Td
H 1 +(exp )3 ’

s=1

(2.43)

with a; = In (A;! — 1) obtained via <dgd;> = Xy = [exp (as) +1]7*

2.4 Comparison Scheme

Nonequilibrium Green’s function approach provides us with the exact solution
to the reduced density matrix. To check the accuracy of the solution from
perturbative quantum master equation, we impose a comparison scheme by

checking the discrepancy error.
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We formally expand the RDMs obtained via NEGF and the QME as

PNEGF = Z)\%Pff%)c}m (2.44)
n=0
2
I 2.5)
n=0

The discrepancy error is then given by

PNEGF — PQME

D.E.( =
i ’

(2.46)

where 7 is the order of accuracy we want to check against.

Suppose we want to check if the QME is accuracy up to zeroth order, we find

that the
D.E© = pyper— PQME
— Z )\2nAp(2n)
n=0
= Ap© £ 2270 4 XAApW 4. (2.47)
where Ap(") = pg\?%)GF — pgzl/f)E If pg)J)ME is accurate, Ap(®) = 0 and D.E. would

be at the order of A2. The discrepancy error would converge to 0 in the limit

A— 0.

Similarly suppose we want to check if QME is accuracy up to 2nd order,

2) _  PNEGF — PQME
DE® = -2

— Z )\211—2Ap(2n)
n=0
Ap©)

=~z + Ap® £ N2ApW 4. (2.48)

If poa e is accurate up to second order, Ap©® = Ap®? =0 and D.E. is again in
the order of A2. We could again check the limit of the discrepancy error when

A approaches 0 and if the results match up to second order, the D.E.® -0 as
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A— 0.

In chapter 4, we used D.E.® to check the second order RDM. For the zeroth
order RDM, an analytical proof is obtained for SQD using the weak coupling
approximation via NEGF and QME. A numerical comparison is done by using

the weak coupling approximation for DQD models.



CHAPTER

Modified Redfield Solution

3.1 Modified Solution of Redfield Master Equation

Two most commonly used master equations are introduced in the previous chapter.
In the chapter, the accuracy of the Redfield master equation is discussed in the
first part, which serves as the motivation for analytic continuation method. In the
second part, the AC method is constructed for fermionic system as a generalization
of the method that had been demonstrated on systems with bosonic baths in

previous publications [22, 23].

3.1.1 Accuracy of Redfield Master Equation

Intuitively, it may be easily assumed that by solving a second-order equation,
the density matrix solved would be accurate up to second order. However, C.H.
Fleming and N.I. Cummings [6] have shown that this is not the case. In general, to
obtain the solutions of accuracy of order-2n, the master equation of order-(2n + 2)
is required. For RME, a typical perturbative second order master equation, would

only provide a solution that is accurate at zeroth order as a n = 1 case.

We consider a generic perturbation series expansion to all orders in the formally

exact master equation

dp —~ 2
-z - (A nRn) | 5, 1
B ( +§AR >p (3.1)

n=1

20
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If we rearrange the p into a column vector with its diagonal part and off-diagonal

pPd o 0 0
part separated in the form of , we can also express A as and

Pod 0 Agp

szir(z%) Rﬁ%#ﬂ'(?n)
the four tensor R(?") as . We reassign the index and

ii(2n) i7,i£5(2n)

an,n;ém an,n;ﬁm
use 1 to denote ¢ = j or n = m and 2 to denote ¢ # j or n # m. The first
index refers to the relation between n and m and the second index refers to

the relation between i and j. The four tensor R(?") can be then represented as

2n 2n
RV REY
2n 2n
RG" REY

By doing so, we could obtain

Pd 0 0 > Pd
% = + (Z )\2”R(2")> . (3.2)

Pod 0 Ay Pod

In the long time limit ¢ — oo, the system would evolve to steady state such that
we can apply the steady state condition dp/dt = 0. The time dependence in
the four tensor can be dropped in the long time limit since the steady state is

reached.

By formally expanding the RDM, we have
p = Z A2 p(2n) (3.3)
n=0

Hence, a master equation that contains all orders of RDM is obtained in steady-



Chapter 3. Modified Redfield Solution 22

state

0 0 (2n)
+ (Z )\Q”R@")) > oA = 0. (3.4)

— n=1 n=0 n

0 Ao pﬁ,fl )

An order-by-order check can be performed to analyze the dependence of p(3") on
the relaxation tensor R(?"). We demonstrate the accuracy issue for RME which
is a second order QME. In general, such check can be expanded to arbitrary

order.

For the zeroth order case when n =0

0 0 p0)
A0 =0. (3.5)
0 A ,0521)

We can compare the coefficient of A\’ and obtain

o= 0. (3.6)

This indicates that the off-diagonal element of the zeroth density matrix should

always be zero.

For the second order case when n =1 , we have

0 0 o0 o0
+ ()\QR(Q)) A 42 —0. (3.7)
0 A PE,(C)I) ,05?

We require the coefficient of A? to be 0. Together with the condition pf)?i) =0, we
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have

Ry’ = 0, (3.8)
Booply) + RSP = 0. (3.9)

Above equations imply that p&o) is dependent on second order R only and pg?

relies on pglo) and R .

A similar procedure applies to fourth order A* and we obtain

R o + Rl + R0y = 0, (3.10)
Boaply) + By o + Ry ol + RYpy = 0. (3.11)

Again we see that ,052) and p(? requires R to be fully determined.

O

In a more compact way, the dependence of the reduced density matrix on

relaxation tensors is given by:

PO {R@)}, (3.12)
PN {R@)}, (3.13)
PN {R@), R<4)}7 (3.14)
PO {R<2>7 R<4>}' (3.15)

It can be observed that to obtain the second order off-diagonal elements, we
need the zeroth order and the second order relaxation tensor. To obtain the
second order diagonal elements we need to know the 4th order relaxation tensor
from equation. The RME is a second order QME which does not contain any
information for R™. Hence the accuracy of the solution provide by RME would
only be accurate up to full zeroth order RDM and off-diagonal second order
RDM. A more general proof can be referred to [6] which shows explicitly that to

(2n)

determine p correctly, R(2"+2) is required.
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This accuracy issue brought out an important aspect on the validity of using of
RME as it is only accurate to zeroth order. And we know that zeroth order RDM
would be the result obtained at A = 0 if we consider Eq. (3.3). The second order

RDM correction term would not even be accurate in the weak coupling regime.

To obtain a correct correction term at second order, fourth order relaxation
tensor need to be calculated that is tedious to achieve. A possible approach by
performing analytic continuation technique to pg? is formulated by J. Thingna
et al. The resultant modified Redfield solution has matched exactly for second
order RDM for harmonic oscillator and spin-boson model connected to bosonic
bath. The information of the exactness on fermionic systems with fermionic
bats is unknown. In the next part, we formulate the modified Redfield solution

using analytic continuation techniques for fermionic system based on previous

formalism for bosonic baths.

3.1.2 Analytic Continuation Method

In the previous section, the dependence on the density matrix and the relaxation
tensor is revealed. The problem that whether it is possible to obtain the second
order density matrix by avoiding the higher order relaxation tensor calculation
has emerged. It turns out that this is indeed possible by obtaining the diagonal
elements of the second order density matrix from the off-diagonal elements of the

second order density matrix.

In chapter 2, the RME in its eigenbasis has been found

dprm
dt

= —iDpmpum + > Riapij, (3.16)

i?j

where we omit the index for position ¢ in W;‘Z’f in this chapter. Hence the
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relaxation four tensor is given by

Riln = 33 SuSh, (Wal + W)
o af

~Om > SUSIWET = 6in Y S5Sy Wi, (3.17)
l l

In the previous section, we obtain the dependence of the zeroth order RDM in

Eq. (3.6) and Eq. (3.8). In the eigenbasis representation

P =0, (3.18)
S Wersssy —6niy Wgﬁsglsﬁl p0 =o. (3.19)
o, l

Similarly, the dependence of the second order off-diagonal RDM in Eq. (3.9) can

be represented as

PSE% =1 Z Silsgn [(Wz‘fpﬁ% + Wz‘?ﬁ%%) - (ng + W;)le*> Pz(?)} - (3.20)

o,i,a8

If we treat pfn)z as a function of A,,;, and let A,,;, be extremely small such

P7(12n)1 — p532, it can be found that

: S’rozlzszﬁn (e a 0
P =iy, e WP = WP 00| (3.21)
o,i,a3 nn

which preserve a 0/0 indeterminate form as Rﬁ) p&o) =0.

In a more compact notation, when we are taking n = m, it is equivalent to have

2) (0
@ —R§1)P£l).

= — 3.22
od A12 ( )

However, that does not imply that a limiting value of lim,,_, pnm Wwith appropri-

ate choice of a path does not exist.
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If we take F,, — E,, — z, we have

se. 68
@ - lim3s _ Pni%in | (B 0) 4 ppos* (0)
pnn llr%za—ia En_ (En—Z) |:( m (Z)pmm m (O)pnn>

= (W @+ (=) o)

S48 /
= ligi 30 =i [ (Wi () o8]+ Wi (0)6f5)

=~ (We? )+ We? (=2)) Y]

5o 5P " "
iy 3 S (0 0k)

"oy a %072 ‘o "oy
FW, () 20— (W (0)+ W, (=2)) p§§>] . (323

(0)

where we have expanded ppy (2) in the following way

0 0 8/7532
PO () = P+ O (3.24)
We have assumed
(0)
8;;" = 0fori#n. (3.25)

In the chapter 4 Sec. 4.3, we claim that this is a valid assumption.

In the limit z — 0, W/ (2) = W/ (—2)=W'(0) = W', with V. defined as
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OW/".JOA,; , the previous equation reads

52,87 / '
(2) i s Pniin [ (B 0) 4 yp'oB (0)
Pnn = ll_%z —~ = [( m (Z)pnn+ wmn (0)pnn)
0,%,0

— (We? )+ Wi (=2)) o]

. 55Sim a8 () o0) 4 1719 (0) )

(0)

"a 0 " "e "e
+W,, A (2) zapT - (Wm P0) + W, B (—z)) pg))]

W, (0) — W, (—2)
— 5 a B in (0)
limy 2, S ( ’

nn
- —z
0,108

(0) //O[,B //O[B
e o O (W (0) =W (=2) ) (o) 52)
! p( )
= 3 sush| (<t + Ve to) Wit S (3.26)
m (13 aE
o,i,a8
In the last step, the term 551272 is dropped as we find that
se 6P /
~(2) _ 71: Pnitin aB (0) af (0)
Pnn = ll_t)I(l)Z —~, P [(W ( )pnn + Wm (0) pnn)
— (W @+ Wi (=2)) ]
= 0. (3.27)

Hence, the diagonal component of the density matrix can be thus represented as

ap'n
oE,

(Vi PolQ) + Vo ?p) + W (3.28)

= Y s%sy

U’Z7aﬁ

The term 8p,(~f2 / OFE, can be determined via the Eq. (3.8), Rgl) p&o) = 0, by

taking partial derivatives F; to both side. The result takes the form

nn

© EO‘i n,Q Sﬁz‘s’zﬁn V npo ),01(1) +‘/Ziﬂp7(1072
L e ( ) (3.29)

aEn ZJ P W OéBSa Sﬂ

nt-in
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To normalize the RDM at second order, we consider the following normalization

condition

A2+ of2)

S > (Pgi) + pz('i))

~ (pfﬁi +pm) ( Zp(2)>

By applying the normalization condition ), pp, =1 and >, p7(1072 =1, we sum

up the above equation and it gives

(2

Hence the normalized pmz takes the final form

8 e (0) "o aﬂ(o)
oi,af
(0)
0 a g8y aB Ipi;
Pgm? Z Sz]S]z Ji TE’ (3'32)
o,

with Eq. (3.31) implying its traceless property.

This is the final form obtained using the analytic continuation method. The
resultant RDM with second order correction prrrg = p(@ + A2p®?) is known as

the modified Redfield solution.

In summary, to obtain the MRS, we first solve zeroth order RDM p(o) via Eq.
(3.8) or more explicitly by Eq. (3.18) and Eq. (3.19). The second order off-
diagonal RDM p( ) would be supplied by Eq. (3.20). The normalized second
order diagonal RDM is then calculated via the analytic continuation result in Eq.

(3.32).
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CHAPTER

Exactness of the Modified Redfield Solution

The modified Redfield solution has been demonstrated on quantum harmonic
oscillator and spin-boson model with bosonic baths [22, 21]. The results are
shown to be exact by applying the comparison scheme. In this chapter, by
performing the analytic continuation technique for fermionic systems, we would

like to check whether such exactness still preserves.

Quantum dot [12] is a suitable fermionic system of interest. It is an artificial
nanostructure that can confine electrons. Experimentally, two different types of
dots could be structured. Vertical dots could be structured with high spatial
symmetry . Lateral dot could be constructed by using metallic gates in a plane
that has lower spatial symmetry. We are interested in how does the quantum dot
serves as an open system and interact with the bath. For electronic baths, we
would be able to study the electron transport properties. One interesting effect
would be the Coulomb blockade effect that allows us to adjust the number of
electrons in the quantum dot due to the Coulomb repulsion between electrons on

the quantum dot.

For exactness check, we consider a spinless single quantum dot model and two

types of double quantum dots model [25].

30
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4.1 Spinless Single Quantum Dot

Hamiltonian

Consider a SQD coupled with two baths, the total Hamiltonian can be written as

Hyw = Hg+ Hp+ Hrp+ Vi + Vg, (4.1)
with
Hg = eodld, (4.2)
Hy = > ewwchcir (4.3)
kL
Hp = > errchpcrr, (4.4)
kR
Vi = kadeLL +h.c, (4.5)
kL
Ve = Z UdeC};R + h.c.. (4.6)
kR

d" and d are the creation and annihilation operator for electrons representing
excitation and de-excitation of an electron respectively. g represents the on-site
energy level of the dot and ex, and ;g are the dispersion relations of the baths.
k refers to the momentum index. The bath Hamiltonian is assumed to be solvable
such that it can be written in above diagonal form in momentum space. v

represents the tunnelling strength.

The SQD can be described using the schematic picture in Fig 4.1. A single
quantum dot is coupled to two electronic baths. The baths are assumed to be in
respective equilibrium and hence it can be well described by Fermi distributions

that are defined by temperature 7T, and chemical potential y,.
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N A
Ty, pr TR, pr
/HL Hg }

Figure 4.1: A schematic figure of a single quantum dot. A single quantum dot
with on-site energy g coupled with two fermionic baths in respective equilibrium
with fixed temperature T, and chemical potential .

Master Equation of a Sinlge Quantum Dot

With the above Hamiltonian, by using the recipe introduced in chapter 2, we

would be able to write down the explicit form of the RME in energy eigenbasis as

dprnm
dt

= *Z'Anmpnm (t>

Y [SESh W + SES LW,
o=L,R ij

2 ¢l 12 2 ¢l 12
_5m,j E :SnlSliVVlia - 5i,” E :SlelmVVljo'
l l

+5152 W12 +5152 W12*

ni~jm 'Y nioc ni~imYY mjo

~Gim Y SUSE WY — Omg D SuSEWER| oy (A7)
l l

where S and S! are system operator d' and d respectively in energy eigenbasis.
For SQD, the Fock basis |00),|01) , |10),|11) are equivalent to the energy eigenbasis

since the system is only one-levelled. We have the liberty to express

0 1
St=ad = : (4.8)
00
00
S?2=d = : (4.9)
10

Directly solving Eq. (4.7) would give us the standard Redfield solution to the
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RDM. To obtain the modified Redfield solution, we follow the treatment described
in chapter 3 by using the relaxation tensor defined in Eq. (4.7) to obtain p(®
and pgi). pg) is then calculated via the AC analytic result in Eq. (3.32). The

LME can also be obtained via secular approximation on Eq. (4.7).

Nonequilibrium Green’s Function for Single Quantum Dot

To obtain the exact RDM, the nonequilibrium Green’s function approach for

RDM formalism is used. The retarded Green’s function of SQD is given by

1
G*(e) = P (4.10)

with the self-energy given in Appendix E.

The correlation matrix D can be written as

(i) = |

—00

+Tr () fa (e, T pin) |, (4.11)

+o0o 1 N 9
deo |G (o) [PL () f1 (&, T, i)

that is a number for SQD system due to the size of the system.
The density matrix would then take the form

exp (—acgc0>
= — 7 4.12
P 1+exp(—a)’ (4.12)

with

a = In(D'-1). (4.13)
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It can be found that

p = . (4.14)

4.1.1 Weak Coupling Limit Discussion

In weak coupling limit such that A — 0, we expect that the MRS would give us
09 since the MRS is in the form p(© + A\2p(2). We known in chapter 3 that p(®)

can be obtained via solving Rﬁ) p0 =0

> [2SESLWE — 200, SESEWIE
o=L,R l

F2S8SEWZ — 20,0 > SESEWiE o = 0. (4.15)
l

7

The above form reduces to the following equation if we consider the non-zero

elements for system operator in its matrix representation Si, = 1 and S3, = 1:

/ / 0
W212 _ngtlf /0(11)

lo
= 0, (4.16)
’ ’ 0
WQ%; _Wlé?f /0(22)
(Cofe+Trfr) A — T (1= fr) +Tr(1— fr) %) = 0. (4.17)

)

Together with the normalization condition that ), ,02? =1, we have
0 _ 4 I'efo+Trfr 418
P11 FL + FR . ( . )

This is exactly the form if we perform weak coupling approximation to NEGF

for SQD.
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For NEGF, the weak coupling limit implies Ez and EE — 0. The Green’s

function Eq. (4.10) would be effectively given by

1
Gt = ) 4.19
(6) 6—60—2% (FL+FR) ( )

The correlation matrix would take the form

400 1 1
T = RN
i = 1., o e e T s @+ Ty L e T
+Tr(¢) fr (e, Tr, r) |- (4.20)

By using the identity

lm—— = 7wd(x—a), 4.21
- ( ) (4.21)
we have
I'nfr +Trf
_ i _ LJL RJR
D <d d> R (4.22)

Eq. (4.14) would then provide a form for p1;

pui = 1-D

_Irfo+TrfR

1
I'r+Tgr

, (4.23)

which is exactly the same as compared to the zeroth order RDM result obtained
via master equation given by Eq. (4.18). This implies that by checking the
result for NEGF in the weak coupling limit, the zeroth order RDM result can be

recovered.

The zeroth order RDM results have been shown to be analytically equal. A more
general form of the weak coupling limit result can be referred to [5]. We then

proceed to investigate the exactness of second order RDM.
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4.1.2 Exactness Check in Equilibrium

In equilibrium situation where both the left bath and the right bath preserve the
same temperature and same chemical potential, the system is effectively coupled

with one bath and hence there would be not net currents flow through the dot.

We adopt the comparison scheme proposed in chapter 2 and compare the second
order RDM obtained via AC and NEGF. The discrepancy error of interest would
be D.E.® as had been argued in chapter 2. When the coupling strength A — 0,
the D.E. should also approach to 0 which is reflected by the y-intercept of the
fitted line for D.E.(®) versus A\2. By choosing a pair of equilibrium parameters,
the D.E.® versus coupling strength \? figure is given in Fig. 4.2

o4 —— 7T 7T

D.E. 2 (x1077)
(@)
[\

— P11
linear fit

0.0 b
0.0000 0.0005 0.0010

)\2

Figure 4.2: Figure of discrepancy error for ground state population pi; versus
the coupling strength \?; Ty, = Tg = 0.25 and pu7, = pr = 0. The cut-off energy

ep is 1. The coupling strength is chosen from 0.0001 to 0.001. The y-intercept

is given by —2.1534 x 1078 which indicates a good match between PE\Z)RS and
(2)

PNEGF>

For a single quantum dot, the dimension of the Hilbert space is 2 and the RDM
only have two diagonal elements. Hence, we take the liberty to check only of the
diagonal element namely p11 as pog is simply given by 1 — pgo due to normalization

condition of RDM.
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The y-intercept is at the order 10~® which is a good indication that the second
order RDM of MRS is exact. We are not able to obtain a solution at machine
precision of 107! due to the calculation of WW. The calculation involves summing
over all the Matsubara frequencies that is impossible as there are infinite many
of terms. Certain convergence criterion is required. Throughout the thesis, the
convergence criterion for the Matsubara sum is set to 10715, However, this does
not indicate that our solution is accurate to 1071°. Depending on the number
of terms that are summed up, the error can add up to 107 if 105 terms are
summed up. Hence 108 would be a good indication that our determination of
the exactness of second order RDM for MRS. For previous the work [22] done for
bosonic baths in equilibrium, an analytic proof is given for the equivalence of the

second order RDM in equilibrium.

4.1.3 Exactness Check in Nonequilibrium Steady-state

In the previous case, the exactness of second order RDM for MRS has been
checked. We have argued that by performing a linear fitting, the y-intercept
with a value of order 1078 is a valid indication of the exactness of the second
order RDM for MRS. We check if this is true in nonequilibrium steady-state.
In NESS, the system of interest is connected to baths with different chemical
temperatures and/or different chemical potentials. The discrepancy error plot in

nonequilibrium is given by Fig. 4.3.

By performing linear fitting, a similar conclusion can be drawn as compared to
equilibrium situation as the y-intercept is again at the order 10~8. This allows
us to conclude that the MRS is exact up to second order in nonequilibrium

steady-state for single quantum dot system.
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o
—
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o
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linear fit
0.0000 0.0005 0.0010

Figure 4.3: Figure of discrepancy error for ground state population versus
the coupling strength \?; T;, = 0.50, T = 0.25 and pr, = 1, ur = 0. The
cut-off energy €p is 1. The coupling strength is chosen from 0.0001 to 0.001.
The y-intercept is given by —1.6908 x 10~® which again indicates a good match

between pfgj and pg\Q,EGF in NESS.

4.2 Spinless Double Quantum Dots

Single quantum dot is a relatively simple one-levelled system. We would like
to perform the analytic continuation technique to a more complicated system.
Hence, as a natural generalization of single quantum dot model, the double

quantum dot model can be used.

Hamiltonian

We consider two types of DQD models. For the first type, we consider each
quantum dot coupled with one bath only with hopping between the two dots.
For the second type, we consider one dot coupled with both the left bath and
right bath with additional hopping between the two dots. For both cases, we do
not consider the coulomb interaction between the two dots which can be denoted

as U d-{dld;dg. The reason is that NEGF can only handle bilinear Hamiltonian
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H-type 1L, pr

Hy, dot 1  dot 2 Hp

Figure 4.4: A schematic figure of an H-type double quantum dot system.
Two dots with on-site energies €1 and €2 coupled to different fermionic baths
in respective equilibrium with fixed temperature 7, and chemical potential ..
Electrons are allowed to hop between the two dots.

dot 2

Hp dot 1 Hp

Figure 4.5: A schematic figure of an V-type double quantum dot system. The
quantum dot with on-site energy e; is coupled with two fermionic baths in
respective equilibrium with fixed temperature T, and chemical potential p,.
Electrons are allowed to hop between the two dots.

exactly and would not be able to compare the exactness for such systems. The
first type can be named as horizontal chain type (H-type) and the second type
can be named as vertical chain type (V-type). They are represented by Fig. 4.4
and 4.5 below.

The Hamiltonian of H-type DQD can be cast into the following form:

Hiy = erdlds +eadids — b (d}ds + djay )

+ Z SkLC};LckL + Z 514;30;13%12
kL kR

+ Z UdechL + h.c.
kL

+ Z ’UdeQC};R + h.c.. (4.24)
kR
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The Hamiltonian of V-type DQD can be casted in the following form:

Hiy = €1d11rd1 + €2d£d2 —h (d{dg + d;dl)

| 1
+ Z EkLCyLCkL T Z EkRCLRCKR
kL kR

+ Z UdelcchL + h.c.
kL

—|—Z’Ude1€LR + h.c.. (4.25)
kR

The only difference lies in the coupling term. The reason we propose the V-type

is that it seems to mimic a SQD behavior.

Master Equation of Double Quantum Dot

The RME for H-type DQD can be referred to Appendix D.

To construct the system operator in Fock basis for arbitrary size of system,

instead of identifying all the possible states transitions, we use a convenient way
di = 0®¥ede1%%7, (4.26)

where d is the annihilation operator for a single electron and d; is the annihilation
operator for the ith electron. Z represents the number of electrons the system

possesses.

We would obtain four system operators namely di, di, da, d;. In the energy

eigenbasis, we denote them as S, S?, §3, S* respectively.

For a V-type DQD, we simply replace the system operator S* and the system
operator S® which belongs to dot 2 to S% and S'. The transition rate would be
invariant since the baths are not changed for SQD, V-type DQD, and H-type
DQD.
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Nonequilibrium Green’s Function for Double Quantum Dot

The retarded Green’s functions for H-type and V-type DQD have the respective

form

Gl = : (4.27)

Gy = : (4.28)

t € — €9

The RDM would be given as

exp (—And];dl — Aud{dg — Agld;dl - Aggd;c‘b) 4.9
a [+ exp (—an)] [1 + exp (—az)] B

al 0
with A matrix given by A = U* UT and a; = In (/\i_1 — 1). A; is the

0 a9

eigenvalue of the correlation matrix D calculated.

4.2.1 Weak Coupling Limit Discussion

For DQD, it would be tedious to check if p (0) matches analytically due to the
following reasons. The solution provided by NEGF would be supplied along with
basis transformations as DQD Hamiltonian no longer preserves the equivalence
between Fock basis and energy eigenbasis. In addition, the solution solved via
QME is already in the energy eigenbasis. A four by four matrix is required to be

solved analytically and the final form would not be clear for comparison.

Instead, a numerical comparison can be done. We can directly compare the

density matrix with changing parameters such as the hopping coefficient and the
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chemical potential.
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Figure 4.6: Graph of RDM as a function of hopping energy h in the weak
coupling limit A? — 0; The chemical potential difference Ay = 2. The tempera-
tures are set as Ty, = 0.85 and Tr = 0.25. The cut-off energy ep = 1. The dot
represents RDM obtained by NEGF and the line represent the RDM obtained by
MRS.
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Figure 4.7: Graph of RDM as a function of chemical potential difference between
the two baths Ay in the weak coupling limit A\?> — 0; Ay is defined as pr, — pg.
The temperatures are set as T, = 0.85 and Tr = 0.25. Hopping coeflicient h = 1
and the cut-off energy ep = 1. The dot represents RDM obtained by NEGF and
the line represent the RDM obtained by MRS.

It can be observed that the dots that represent the NEGF result matches with
the lines that Srepresent the MRS in the weak coupling limit A?> — 0. Moreover,
the absolute differences between the NEGF RDM and the MRS RDM are at the
order 1078, A more rigorous check can be done by using the comparison scheme

proposed in chapter 3 using D.E.( by varying the coupling strength.
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4.2.2 Exactness Check in Equilibrium

The dimension of the Fock space of DQD will be 4 and the corresponding
dimension of Hilbert space would also be 4. Hence the RDM would have 4
diagonal elements. Second order RDM would also contribute to two off-diagonal
elements as conjugate pairs. The D.E.(?) is then checked again the 4 diagonal
elements for the RDM and the real part and imaginary part of the off-diagonal
elements. In equilibrium, there off-diagonal elements are zero. The discrepancy

error plot is given by Fig. 4.8.
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Figure 4.8: Figure of discrepancy error for RDM in energy eigenbasis versus
system-bath coupling strength A? for double quantum dot models in equilibrium;
(a) represents the plot for the H-type double quantum dot. (b) represents the
V-type double quantum dot. The dotted line is given by linear fitting. 77, = 0.25,
Tr =0.25 and pr, =0, ur = 0. The cut-off energy ep and the hopping energy
h are chosen to be 1. The coupling strength is chosen from 0.001 to 0.01. The
y-intercept for all the elements are of order 1077 to 10~® for both types of double

quantum dot systems.

The y-intercept at the order of 107 and 10~® indicates that the MRS are exact

in equilibrium.
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4.2.3 Exactness Check in Nonequilibrium Steady-state

A similar check is done in NESS. The plot is given by Fig. 4.9.

It can be observed that the y-intercepts for diagonal elements with second order
RDM obtained via AC are at the order of 1072 and 10~® which ARE much
larger than that in the equilibrium case. This indicates that the exactness no
longer exist. For the off-diagonal elements where no manipulation is done, the

y-intercepts is at the order of 1078,

We would like to investigate why there is such a loss of exactness and how would

it be possible to correct the AC.
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Figure 4.9: Figure of discrepancy error for RDM in energy eigenbasis versus
system-bath coupling strength \? for double quantum dot models in nonequilib-
rium; (a) represents the plot for the H-type double quantum dot. (b) represents

the V-type double quantum dot.

The dotted line is given by linear fitting.

T, = 0.85, Tp = 0.25 and p;, = 2, ugr = 0. The cut-off energy €p and the
hopping energy h are set to 1. The coupling strength is chosen from 0.001 to
0.01. For both the H-type and V-type DQD, the y-intercept for all the diagonal
elements are of order 1072 to 1073, For off-diagonal elements, the y-intercept is
at the order of 1077,
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4.3 Correction Scheme and Failure

The MRS for DQD is not exact for second order RDM in NESS as we have
illustrated. Initially, the exactness check is done for H-type DQD only. We then
propose a V-type DQD which mimics a SQD except for its system size. It has
been suspected that the loss of exactness is due to a sharp temperature and/or
chemical potential gradient exist between the two dots for one definite system.
However, the MRS solution is not exact to second order RDM again for the
V-type DQD. Hence, the underlying problem may due to other possible flaws in

the performing AC.

In chapter 3, the AC is performed with an expansion given by Eq. (3.24) . A

seemingly harmless assumption is given by

ap'n
OFE;

= 0 fori#n. (4.30)

If we do not apply the above assumption, the expansion given by Eq. (3.24)

should be written in the new form

(0) (0)
(0) _ (0) Opnn Opnn
P (2) Prn ZTEn +z i;n OF, (4.31)

Hence our attempt is to add in the new correction term given by z Z#n 8p,(~?,2 / OF;.
The term (9p$«32 / OFE; is calculated via taking partial derivative to Eq. (3.19).
Without any constraints on the RDM, the attempt to solve 8p£32 / OF; would give
us an underdetermined linear system. However, if the normalization condition is

applied, it can be found that

N (0)
apnn .
oE - 0, (4.32)

with IV as the number of energy levels.
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If above statement is true, the expansion in Eq. (4.31) would be

ann
PO (z) = p5)+2 Z P

= o), (4.33)

which is not reasonable. We hence claim that Eq. (4.30) is a valid assumption.

Another attempt to correct the AC technique is by directly taking the limit for
pg% when A, — 0 using L’Hospital’s rule. We then find that the unnormalizaed

result is given by

Pgm), = Z 2S:i5iﬁn

U7i7aﬁ

N 0,0(0)
(—Vi p0) 4y eB 50 )) + W, o8 . (4.34)

n aE

that is exactly twice as compared to the AC result given by Eq. (3.32). It can
thus be concluded that second order RDM in MRS obtained via AC is not a
mathematically well-defined limit as the limit depends on the paths chosen to
approach E, = E,,. The AC performed by J. Thingna in [22] fix the nth energy
level and only allow the mth energy level to vary whereas L’Hospital’s rule is valid
when the limit is well-defined. However, it is noticed that the result obtained
via L’Hospital’s rule in Eq. (4.34) is identical with the Dyson expansion result
supplied in [21]. It would be interesting to investigate the relation between these
two results. However, these correction scheme fail to provide corrections to the

MRS.

Nevertheless, the loss of exactness of MRS does not imply that it is a totally
wrong answer. We would like to see in next chapter how well does MRS work as
an approximation with respect to the exact solution. It would also be thought-
provoking to see how does MRS perform as compared to other master equations

including RME and LME.



CHAPTER

Comparison with Other Master Equations

The previous chapter gives us an indication that the exactness of modified Redfield
solution does not preserve in some situations such as the double quantum dot
models in nonequilibrium. However, it does not mean that this solution fails to
yield a good approximation to the second order RDM. It would be interesting to
compare the MRS, RME, LME and NEGF as a benchmark by using some specific
physical observables. We check a few observables such as the local population of
the dots and the local particle current. In this chapter, the focus will be on the

H-type DQD with Hamiltonian given by Eq. (4.24).

The local population of the ith dot is simply given by

The local particle current is defined by

o - (1)
= ([l 1))
= i <[d{d1, —t (d§d2 + dgdlﬂ >

= it <d£d1 - d{d2> . (5.2)

For a H-type DQD, we would like to see how various approaches would behave

with respect to a varying coupling strength. The dependence of the local particle

49
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current is plot against the coupling strength as shown in Fig. 5.1.
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Figure 5.1: Graph of local particle current in H-type double quantum dot versus
coupling strength \? via Redfield master equation (Black), modified Redfield
solution (Red), nonequilibrium Green’s function (Blue) and Lindblad master
equation (Green). The parameter used: T = 0.85, T = 0.25, up, =2 pug =0,
g1 = 0.2, g1 = 0.4, ED = 1, h=1.

When the coupling strength is small, the NEGF, RME and MRS approach to
the same result given by p(o). When the coupling strength increases, it can be
seen from the figure that the RME solution provides us a better solution as
compared to MRS and LME. LME does not depend on the coupling strength
and is not able to compute the local particle current for this setup. The reason is
that the calculation of the defined local currents requires the off-diagonal RDM
which describes the hopping process in this context. However, by performing
secular approximation, the off-diagonal terms are found to be zero in steady
state. This can be directly observed from Eq. (2.34). The loss of off-diagonal
information would be in correspondence to the loss of information for the local
current. The reason that the RME has a better solution is also due to the off-
diagonal contributions from other higher order terms. By the accuracy analysis in
chapter 2, we know that the second order off-diagonal elements can be determined

accurately for RME. This is also evidence by the zero y-intercepts observed in
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the previous chapter for the discrepancy error plots. We know that

0 2

PMRS = /)S\/I)Rs + )‘ng\/[)RSH (5.3)
0 2 1

pruE = Pas + N0 + N+ (5.4)

where p(® does not contain off-diagonal elements as we have shown in chapter
3. The contribution of the off-diagonal elements would come from p( that
are exact for both the MRS and RME. However, RME also contains the off-
diagonal elements from higher order terms even though they are incorrectly
determined. Hence, as compared to the MRS with pfi) only, the RME with
p((fd) + pg;gher orders) 4o expected to have a better result as compared to MRS.

The points out a limitation for MRS when the calculation of certain observables

requires the off-diagonal contribution.

From the plots of the population as shown in Fig. 5.2, again the NEGF, RME,
MRS and LME approach to the same value when the coupling strength is small as
a consequence of the equivalence in weak coupling limit. With a higher coupling
strength, the MRS results are consistently smaller than that of NEGF. Meanwhile,
the RME results are consistently larger. In contrast, LME only gives a correct

description of the population distribution in the weak coupling limit.
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Figure 5.2: Graph of population of dot 1 and dot 2 in H-type double quantum
dot versus coupling strength A? via Redfield master equation (Black), modified
Redfield solution (Red), nonequilibrium Green’s function (Blue) and Lindblad
master equation (Green). The parameter used: T, = 0.85, T = 0.25, up = 2,
MR=0,€1=0.2, 6220.4,8D:1,h=1.
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The dependence of the local current on the coupling strength is revealed. However,
in our problem, we always consider the left bath and the right bath to be symmetric
with identical spectral density and coupling strength. Variation of the coupling

strength occurs symmetrically.

We consider another situation by varying the chemical potential which is equivalent

to variation of the degree of bias of the system.
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Figure 5.3: Graph of local particle current in H-type double quantum dot versus
chemical potential difference Ap via Redfield master equation (Black), modified
Redfield solution (Red), nonequilibrium Green’s function (Blue) and Lindblad
master equation (Green). The parameter used: Ty, = 0.85, T = 0.25, A2=0.05,
g1 = 0.2, Eg = 0.4, ED = 1, h=1.

The local particle current is plotted against the chemical potential difference
in Fig. 5.3 the RME have a result that is closer the that of NEGF. The local
population profile given by Fig. 5.4 gives a similar conclusion in the previous
case that the MRS is always smaller the solution of NEGF and RME is always
larger. When the chemical potential increases, the system would be in a stronger
nonequilibrium condition and the difference between various solution will be

greater.
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Figure 5.4: Graph of local population of dot 1 and dot 2 in H-type double
quantum dot versus chemical potential difference Apu via Redfield master equation
(Black), modified Redfield solution (Red), nonequilibrium Green’s function (Blue)
and Lindblad master equation (Green). The parameter used: T, = 0.85, T =
0.25, A2=0.05, 61 =0.2, 60 =04, ep =1, h=1.
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The above chosen observables do not give a clear indication of the accuracy of
MRS as compared to RME. The RME discrepancy error plot is compared with

the MRS discrepancy error plot in Fig. 5.5.
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Figure 5.5: Figue of discrepancy error for RDM in energy eigenbasis versus the
system-bath coupling strength an H-type double quantum dot; The solid line
represents the result for MRS. The dashed line represents the result for RME.
T, = 0.85, T = 0.25 and pp = 2, ug = 0. The cut-off energy ep is 1. The
coupling strength is chosen from 0.001 to 0.1.

We can see from the plot that the RME results have a larger y-intercept as
compared to RME for the diagonal elements of the second order RDM except
for ps4. It means that it deviates from the exact value more than MRS. Hence,
MRS is more accurate than RDM for second order RDM in weak coupling regime.
Since the local population plot is not able to give us a clear indication on whether
RME or MRS is a better solution due to their consistent deviation, we check the
global population for all the energy levels. The global population plot is given
by Fig. 5.6. It can be seen that the global population gives a good match for
MRS and NEGF for the first three energy levels. However, the population for the
fourth energy level has a great deviation for MRS. This is also indicated by the
discrepancy error plot. As compared to RME, MRS still give a better predication
for most of the energy levels. The breakdown of MRS for a certain level may be

a clue to investigate the flaw in AC.
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Figure 5.6: Graph of populations for all the energy levels versus the coupling
strength; The red line represents the result for MRS. The black dashed line
represents the result for RME. The blue dotted line represent the result for
NEGF. Tr, = 0.85, T = 0.25 and py, = 2, pr = 0. The cut-off energy ep is 1.
The coupling strength is chosen from 0.001 to 0.1.
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Moreover, it is noticed that RME would break down when the coupling strength
is strong if we consider the occupation number in different energy eigenstate.
An example is given by Fig. 5.7. It can be seen that the RME solution no
longer preserves positivity whereas the positivity for MRS still holds. For local
observable like population for dot 1 and dot 2. Such loss of positivity for RME is
not easy to observed if local population is considered as it would be cancelled by
contribution from other elements of RDM. A more detailed study on the valid

regime of RME can be done together with MRS.
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Figure 5.7: Graph of RDM versus coupling strength A\?; Ty, = 0.45 Tz = 0.25
and pur = 1 pr = 0.The on-site energies are €1 = 2 and €3 = 4. The coupling
strength is chosen from 0.01 to 1. The blue cross represents the NEGF solution.
The red line represents the MRS and the black line represents the RME solution.



CHAPTER

Conclusion

In conclusion, we have extended the modified Redfield solution to fermionc
systems by performing analytic continuation technique. More specifically, the
exactness of the MRS in nonequilibrium steady-state has been examined. The
MRS in general does not preserve exactness. For a single quantum dot, the MRS
provides us with exact solution up to second order RDM in both equilibrium
and NESS. An exact match for the zeroth order RDM can be shown analytically
as compared to NEGF in the weak coupling limit. The SQD model does not
reveal a complicated physical scenario as it is only one-levelled systen with a
fixed energy spacing. It follows that multi-levelled double quantum dot models
with two different configurations are studied. A numerical study is done in the
weak coupling limit which verifies that the zeroth order RDM is exact. For
both types of DQD models, the exactness of second order RDM still preserves in
equilibrium. In NESS, the exactness no longer preserves as evident by discrepancy
error which is 10° order greater than exact case. A possible correction scheme
on the expansion of zeroth order RDM has shown to be failed. However, such
scheme provides a good support on the assumption made in previous work of
MRS. Another attempt to make an alternative formalism of analytic continuation
technique provides an answer with a factor of two difference which corresponds

to results obtained via Dyson expansion.

Though the modified Redfield solution is unable to produced an exact solution
in general, it would be interesting to see how well does MRS improve on the

results obtained from RME and LME. By demonstrating on an H-type DQD,
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the result on local current shows that the MRS tend to have larger deviations
from the exact result as compared to RME. These results provide us with an
important piece of information that the higher order contribution of RDM is more
important than the accuracy contribution to limited orders. Studies on the local
population of the dots do not provide a clear-cut evidence on the performance
of MRS and RME. The results for global population indicate that the MRS is
better as compared to RME in most situation. Moreover, the positivity of RDM
of RME would break down at large coupling strength as compared to MRS and
NEGF. The validity of RDM and MRS could be studies more thoroughly by

considering different observables.

In general, the modified Redfield solution provide as possible solution to obtain
the second order RDM without going into higher order calculation. It would be
interesting to continue to investigate the exactness of this approach. One possible
future work could be done is to provide an analytical proof for the exactness of
MRS in equilibrium for fermionic systems as inspired by the case for systems
with bosonic baths. It is also possible to continue to work on zeroth order RDM
correction scheme as the expansion of such zeroth order RDM is subtle. Other
possible systems could be proposed such as a triple quantum dot model which
help us to analyse possible flaw in the approach by increasing complexity of
the system. With the results in last chapter, it would be interesting for us to
investigate a possible solution which contains higher order contribution as well
as a second order result that is supplied by MRS. Such solution would intuitively

provide a correction on RME.
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APPENDIX

Proof of Kubo Identity

The Kubo identity has the following expression:

SA+B)  _ BA [HJF/ dTe—TABeT(AJrB)]
0

Consider e*BABeeﬂ(A‘*'B),
e BABB(ATB)  _ _ j-BAB(A+B) 4 —BA (A n B) A(A+B)

_ ddﬁ [e—ﬁA 65(A+B)]

/B dro-TABr(A+B) _ -8 p(A+B)
0
]1+/ dre TABem(A+B)  _  —BAB(A+B)
0
) 3 o o
eBA [ﬂ+/ dTe—TABeT(AJrB) _ eﬁ(AJrB)
0

which is exactly the Kubo identity.
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APPENDIX

Bath Correlators and Transition Rates

The bath correlator C®? (t) is defined as <§a (t) B? (0)> For electronic baths,

we have

Bclr = kaacL07 (Bl)
ko

B2 = Y v, (B.2)
ko

It follows that

C?()) = (BeBL(0)).

= Tug |puBg (1) B (0)] . (B.3)

The non-vanishing correlations are C12 (t) and C2! (t) as the other terms are

<C]J£;U (t) CLJ> and (cgy (t) k) which are zero.

CR(t) = T |ppBg (1) BS (0)]

2 i€t
= Z ‘U;m’ TI‘B (pBC};UCkU) e'ck
ko

_ / So2m 3 okl (e — =) £ (e) €
-0 ko

_ / T A (o) e (B.4)

oo 2T
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Similarly, we have

Gt = /Oo Er @~ o), (B.5)

oo 2T

where I'y (6) = 27)_,, luke|? 0 (¢ — e) is known as the spectral density and
fo (€) is the Fermi-Dirac distribution of the bath o at T, and p,. Hence f,; (¢)
is given by {exp [(¢ — u5) /T] + 1} ' The spectral density is approximated as a

Lorentzian with the following form

where ep is cut-off energy.

C}2 (t) would then take the form

* de r 1 -

() = / e 1o ét (B

"7 L (e e i [T 7
€D

The above integral can then be calculated using residue theorem. The poles are

given by

€+ = 1iep, (B.8)
e = —iep, (B.9)
£, = Woit + fo, (B.10)
€. = Ve + o, (B.11)

where v; = 7 (21 + 1) T, is known as the Matsubara frequency and Iy =0, 1, 2
,3--- and [_ are all the negative integers. The sign+ indicates that the poles
are on the upper half complex plane and - for the poles in the lower complex
plane. We takes the poles in the upper half plane as the integral diverges using

the poles in the lower half plane due to the existence of ¢! term. By evaluating
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the residues, it can be found that

Iy ) _ . i
0 2 o liep) € —iT, Y T (er,) €4, (B.12)
L+
T,
c2 () = %e_aDt—C;Q* (1) (B.13)

We also have the relation C}?* (t) = C12 (—t) if we try to evaluate C12* (¢) using
the poles in the lower half plane. The system-bath coupling A? is always absorbed

in the bath correlator.

By using the definition of W given by Eq. (2.25), W can be found by

r ED 1
w2z = -2 iep) ———— 1o » T (e B.14
o) 2 fU( D) (ZAU +5D Z l+ Al] _5l+) ( )
T ED
w2l = 72 iz B.15
o) 2 (’LAU + 5D) agjt ( )

Hence the transition rates can be found via taking the real parts of above results.

It follows that V12 can be found via W2 /A;; defined in chapter 2.
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APPENDIX

Lindblad Master Equation Equivalent Form

In chapter 2, we obtain the RME as given by Eq. (2.22). We define the dissipative

term as a dissipator D [p (t)]

Dlp(t)] = —Z/Otdr{[sa,éﬁ(r—t)p(t)] caﬁ(t—7)+h.c.}.(c.1)

oafl

By performing secular approximation, the above equation can be cast into
Lindblad form. The secular approximation is also known as rotating wave
approximation (RWA) . RWA is performed on the level of Hamiltonian whereas

for secular approximation, it is performed on the level of master equation.

By defining new operators

SAy) = Y IE)EIS|E) (B (C.2)

The time evolution of the new operator takes the form

(Bj| S (A1) |B)) = e29'5 (Ay). (C.3)
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The dissipator then takes the following form

Dlp(t)]

_ Z/ ar{ [$2.5% (r — 1) p (0] €% (1 1)

oaf3

- [Sﬂ,p(t) Se (7 —t)} CP (1 —t)}

= 2 5 [arf [5780).8 @) p )] 200 (1

oaf Azg Anm

- [sﬂ (Ayj),p () S° (Anm)} eiBnm(r—t) B (1 _ 4y } (C.4)

By using secular approximation where we simply retain the term A,,,, = A;; as

the rest of terms in total averages to zero,

Dip ()]

= Y3 {[s @087 Ay e / dreibur0ed (¢ _ 7

0
|57 (i) 0 (1) 57 (A)] /0 dretSutr0ced () }

= 2.2 {Wgﬂ [Sa (Aij), 87 (Aij)p]

oaf A
=33 His. ol (C5)
oaf Agj
where
Hps = >3 3 W78 (Ay) 8% (Ay). (C.6)

o af Ay

Hpg is often call as the lamb shift term which give a renormalization of the

energy levels. [Hyg, Hs] = 0 and such renormalization is often neglected.
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This is exactly the Lindblad Form if we compare it with the result obtained by
quantum dynamical semigroup [2, 15, 7].

N2-1

. 1 1
Lp = —ilHpl+ > % <AkpAL — 5 A A — 2pALAk> N (ek
k=1



APPENDIX

Redfield Master Equation for H-type Double

Quantum Dot

The Redfield master equation of an H-type double quantum dot in its eigenenergy

basis reads

dpnm
dt

= _ZAnmpnm (t)

+ Z [ngzsjlmwgléj + Siz‘s’jlmWL ni

m]Z lSlz 61712 Slm 12;

21*
_5i,n§ Slm Llj — m]E lSlz le

4 3 43* 4 Q3
+SmSjm Rm]+SniS]mWan

34*
mJZ Slz Rlz 51712 Slm R)j

+5 54 Wi + S5iS; W34*

ni*~jm ni®im'Y Rymj

_5mz S Wity — mJZ Sl Rlz}pij (D.1)

where S1234 are the system operators in the energy eigenbasis. S! and S? are
the system operators of the dot 1. S% and S* are the system operators of the dot
2. For an V-type double quantum dot, simply replace the system operator S°

and S* with S! and S? as the dot 2 is no longer coupled with any bath.
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APPENDIX i

Self Energy of Fermionic Bath

Spectral density T', (¢) is given as

The self-energies can be calculated which gives

1 eeply, 1 €4T,

v (e — - = .
(¢) 252+€% 252+52D

By using Dyson equation,
Gh(e) = gt (e)+g" (o) (Z 2y (6)) G (e)

The Green’s function of the sinlge quantum dot can be expressed as

1
g7 (e) = 2,25 (e)
1

G (e) =

e—eo— Y, %a () +in

(E.2)

71



APPENDIX

List of Codes and Sample Codes

List of codes used
1. Analytic NEGF Fortran codes to calculate exact RDM (By the author)

2. Semi-analytic NEGF Mathematica programme to calculate exact RDM (By

the author)

3. Numerical NEGF Mathematica programme to calculate exact RDM (By

the author)
4. RME codes in Fortran to calculate RDM for SQD and DQD (By the author)
5. LME codes in Fortran to calculate RDM for SQD and DQD (By the author)

6. Analytic continuation Fortran code to calculate MRS for SQD and DQD
(Original codes by J. Thingna to calculate harmonic oscillator. Modified by
the author to calculate SQD and DQD)

A short sample code for analytic NEGF calculation is given below
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! This code is to calculate density matrix for single quantum dot follow DSH-
PRE.85.011126

! By Xu Xiansong

! Last Updated: Wed Oct 28 09:14:24 SGT 2015

IMPLICIT NONE

DOUBLE COMPLEX, ALLOCATABLE :: RHOO(:,:),RHO2(:,:)
DOUBLE PRECISION :: EO,TL,TR,WD,G,uL,uR

INTEGER :: I,J,L,N,IERR

DOUBLE COMPLEX :: H,C1,C2,C3,C4,C5,C6,C7,C8,C9,C10,C11,P1,P2,SUMP3,P3,
P3CHECK

DOUBLE COMPLEX :: C12,C13,C14,P4,P4ACHECK, SUMP4

DOUBLE PRECISION, PARAMETER :: EPS=0.01D0, PREC=(10.0D0O)=**(-15.0D0),PI=
ACOS(-1.0D0)

DOUBLE PRECISION ::NULI1,NUL2

DOUBLE COMPLEX :: d,a,checkn,D0,DCHECK

DOUBLE COMPLEX,PARAMETER :: II=CMPLX(0.0D0,1.0D0)

INTEGER :: COUNT1,COUNT2
CHARACTER(LEN=15) :: E0_C,TL_C,TR_C,N_C,WD_C,G_C,UL_C,UR_C
e R Input Parameters---------------------------

CALL GET_COMMAND_ARGUMENT(1,EOQ_C)
CALL GET_COMMAND_ARGUMENT (2,TL_C)
CALL GET_COMMAND_ARGUMENT(3,TR_C)
CALL GET_COMMAND_ARGUMENT (4,N_C)

CALL GET_COMMAND_ARGUMENT (5,WD_C)
CALL GET_COMMAND_ARGUMENT(6,G_C)

CALL GET_COMMAND_ARGUMENT (7,UL_C)
CALL GET_COMMAND_ARGUMENT(8,UR_C)

READ (EO_C,x) EO
READ (TL_C,*) TL
READ (TR_C,*) TR
READ (N_C,=*) N

READ (WD_C,*) WD
READ (G_C,*) G

READ (UL_C,=) UL
READ (UR_C,*) UR

ALLOCATE(RHOO(N,N),STAT=IERR)
IF (IERR /= 0 ) WRITE(*,*) "Allocation_Error_for_Rh0O"
TR T Calculate the integral d----------------------
LR First 3 poles (One of them is zero/The one on imaginary
AX1S)--m -
H=SQRT (4.0D0+G*WD- (WD+II*EQ)*x*2)
C1=EXP(UL/TL+0.5d0/TR* (H+II+WD+EO) )+EXP(UR/TR)*(2.0DO*EXP (UL/TL)+EXP(0.5D0
/TL* (H+II+WD+E0O)))
C3=(4.0DO*II*GxWD- (WD+II*EOQ)* (H+II«WD-E0Q))
C4=(EXP(UL/TL)+EXP(0.5D0/TL* (H+II+WD+EO) ) )*(EXP(UR/TR)+EXP(0.5D0/TRx (H+II*
WD+EQ) ) )
P1=IIxG+WD+C1/C3/C4

C5=EXP(UL/TL+0.5D0/TR* (-H+II«WD+EOQ) )+EXP(UR/TR)*(2.0DO*EXP(UL/TL)+EXP(0.5
DO/TL*(-H+II*WD+EO)))

C7=(4.0DO*GxWD+(EO-II+WD)* (H-IIxWD+EO))

C8=(EXP(UL/TL)+EXP(0.5DO/TL*(-H+II*WD+EQ)))*(EXP(UR/TR)+EXP(0.5D0/TRx(-H+
II+WD+EQ)))

P2=GxWD*xC5/C7/C8

P3=0.0D0O

P3CHECK=0.0D0

COUNT1=0

DO L=1,10000000

NUL1=(L*2.0D0O-1.0D0)*PI*TL

C10=( (G*WD- (UL-II+WD)x*(UL-EO))+NUL1x*(-2.0DO*II+UL-WD+II*EO)+NUL1*%2)
C11=((G*WD- (UL+II«WD)=*(UL-EO))+NUL1*(-2.0DO*II+UL+WD+II+EO)+NUL1**2)

P3=P3-TLxG*xWD**2/C10/C11
COUNT1=1+COUNT1
IF (ABS(P3-P3CHECK) .GT. PREC) THEN
P3CHECK=P3
ELSE
GOTO 10
END IF
END DO
10 SUMP3=P3%II



20

END

P4=0.0D0O

P4CHECK=0.0D0O

COUNT2=0

DO L=1,10000000

NUL2=(L*2.0D0O-1.0D0)*PI*TR

C12=( (G*WD- (UR-II*WD)* (UR-EQ))+NUL2x(-2.0DO+II*UR-WD+II+EQ)+NUL2x**2)
C13=((G*WD- (UR+II*WD)* (UR-EO))+NUL2x(-2.0DO*II+*UR+WD+II+E0Q)+NUL2*%2)

P4=P4-TR+xGxWDx%2/C12/C13
COUNT2=1+COUNT2

IF (abs(P4-P4CHECK) .GT. PREC) THEN
PACHECK=P4

ELSE

GOTO 20

END IF

END DO

SUMP4=P4x*I1I

D=P1+P2+SUMP3+SUMP4

WRITE (*
WRITE (*
WRITE (*

*) "Countl",COUNT1

*) "Count2",COUNT2

x) REAL(1.0D0-D)

WRITE(*,*) REAL(D)

WRITE(*,*) REAL((RHO0(1,1)))

——————————— Check for normalization--------------------------
CHECKN=RH00(1,1)+RH00(2,2)

WRITE(*,*) CHECKN

----------- DSH RHO2 and higher order contribution-----------
D0=1.0D0O/ (EXP((EO-UL)/TL)+1.0D0)+1.0D0O/ ( (EXP((EO-UR)/TR))+1.0D0)
D0=D0/2.0D0

WRITE(*,*) 'DSH RH0O', (1.0D0-DO)
WRITE(*,*) REAL((1.0d0-D)-(1.0d0-D0O))
WRITE(*,*) REAL(D-DO)

DEALLOCATE (RH00)

PROGRAM
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