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INSTRUCTIONS TO CANDIDATES

1. This examination paper contains FOUR questions and comprises THREE
printed pages.

Answer ALL FOUR questions for a total of 100 marks.
Show all your work in the answer book.

For each question, clearly indicate what constitutes your final answer.

o B W

Lecture notes for PC4242 and personal notes directly related to the module
may be consulted during the test, but no other printed or written material.

6. The use of electronic equipment of any kind is not permitted.
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1. Force between co-moving charges (25=8+9+8 marks)
Electron 1 is moving along the z-axis with constant velocity 7 = v&,, so that
its trajectory is 71(t) = ¥t. Electron 2 is co-moving at a fixed distance @ from
electron 1, so that its trajectory is given by 7o(t) = 71(t) + a.

(a) Upon denoting by E(?, t) the electric field associated with electron 1, show —
by a very simple argument — that the corresponding magnetic field B(7, t)

is given byE-—-%xE.

(b) Determine the force F' on electron 2, and express your answer in terms of
the parallel and perpendicular components of @ = @ + @, with dy || 9 and
i, Lo

(c) For both @ =3, and @ = @, compare F with the force in the common rest
frame of the two electrons.

2. Cerenkov radiation (10 marks)
A charged particle moves with speed v along the axis of a dielectric cylinder. The
speed is so large that Cerenkov radiation of wavelength A is emitted. What fraction
of this radiation passes into the surrounding vacuum through the cylindrical surface
of radius R > \?

3. Diffraction (15 marks)
All of the z, y plane is covered by a thin conducting sheet except for an annulus (a
ring-shaped opening) whose borders are two concentric circles with radii a and b,
0 < a < b. A plane wave with wavelength X is normally incident from the z < 0
side. The wavelength is short in the sense of A € @ and A\ < b — a. Employ the
usual approximations and find the differential diffraction cross section.
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4. Free-electron laser (50=10+25410+5 marks)
In a free-electron laser (FEL), electrons (mass m, charge ¢) are injected at ultra-
high speed into a helical magnetic field, which we will approximate by

- B cos(koz) o
B(7) = | Bsin(koz) for 0<z<L= k_N
0 0

and B=0forz<0and 2> L. The winding number N is a large integer. We
vyt

choose 7#(t) = | 0 | for ¢ < 0 as the initial condition for an isolated electron,
’U”t

and take for granted that v, < v <c, as would be typical for FEL operation.

Under these circumstances, FEL radiation is predominantly in the forward direction

n=Ea,.

(a) State the equations of motion and show that they are solved by
vy cos(koz(t))

B(t) = | vy sin(koz(t)) for 0<t<T=L/y
Yy

in conjunction with z(t) = vt, provided that the various constants e, m, B,
ko, vi, v, v = ,/vﬁ +v?, v=1/,/1— (v/c)? obey a certain relation.

(b) Calculate the angular-spectral distribution of the radiation in the forward
direction by using

2

T
E 2 : - = —
dBw)  _w ﬁx/dte“"tj(k,t) for %=
0

dQ 423

where the time integral covers the period of acceleration.

dE(w) is maximal, and find this
maximal value. How do these quantities depend on the winding number N?
dE(w)
dQ
of the FEL frequency peak?

(c) Determine the frequency wmay for which

(d) Find the smallest value of Aw such that = 0 for w = wpax = Aw.

Aw

How large is the fractional width
Wmax

End of Paper
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